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Dynamics of Robot Arms
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Lagrange’s Equation of Motion

Lagrangian L =|[/C|—|P

Kinetic Potential
Energy Energy

|-DOF n-DOF
o doc oL doc oL
dt 0§ 0Oq dt 0g,  Oqp B k=L..mn

d,dk  Generalized Coordinates

T, Tk  Generalized Forces
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Motion of Systems of Particles

e Center of Mass

k
1
re = — E m;Yop;
M 4 -
1=

e

a3

k
Newton’s 2" Law f — Z f; = mac
i=1

Ry

o Penn
@ i i Robo3x-1.3 4
Engmeermg Property of Penn Engineering, Vijay Kumar and Ani Hsieh



Rigid Body as a System of Particles

 Constraints

lrop, —rop, || = Ui

/ e Holonomic Constraints

* Constraints on position

gi(rop,,...,rop,) =0, i=1,...1
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Holonomic Constraints

* Given a system with k particles and |
holonomic constraints

» DOF =k — |
» n =k — | generalized coordinates
>POPi:rOP¢(Q17°"7Q’n)7 Zzlaak

> {1, .. .,Qn are independent
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Types of Displacements

 Actual

 Possible

* Virtual (or Admissible)
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Classification of Forces

Newtonian Lagrangian
RO
y] k
Internal vs External Constraint vs Applied

Applied Forces:

Any forces that are not
constraint forces

Ry
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D’Alembert’s Principle

The totality of the constraint forces may be
disregarded in the dynamics problem for a system
of particles

Ry

o) Penn

o : ; Robo3x-1.3 10
& Engmeermg Property of Penn Engineering, Vijay Kumar and Ani Hsieh



D’Alembert’s & Virtual

Displacements
* (; — Constraint Surface
gz’(TOPla “e ,’I“Opk) =0
1C;
@g
« TC; — Tangent space of C;
C; . .
* Virtual Displacements
Or o p, satisfy:
. gi(rop,,---,Trop,) =0
2. Egn of Motion
Penn Robo3x-1.3 11
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Intuition for D’Alembert’s (1)

From Newton’s 2" Law

k k
Z (mzrz — fz) = Z fza
k k k
[Z (mit; — £)| + Z (Mt — fz)] = [Z £ + fo]
1=1 L 1=1 I 1=1 L 1=1 I

k k

oonen] =[oe]

z—kl | 121 1

[Z (mzrz fz)] — [Z fza] A
=1 | L=ty
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Intuition for D’Alembert’s (2)

By definition

!Z;ff =0 and w = ()

1

k
And, [Zf?] =0 b/c motion is constrained
i=1 1

and A:O

Ry
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D’Alembert’s Principle

Alternative Form:

|. Tangent component of f; are the only ones to
contribute to the particle’s acceleration

k
2 miti = (£)) =0
1=1

2. Normal components off; are in equilibrium
w/ £

k
(fi), +£'=0

=1

1
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Principle of Virtual Work

The totality of the constraint forces does no virtual
work.

Virtual Work oW =1 -9or

k
Z m;t; — ;) - or; = Zfa or;
1=1

By D’Alembert’s Principle

k
Z (7717/1'Z — 5I‘Z Z fa (51‘2 =0
1=1

Ry
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Lagrange’s EOM for Systems of
Particles (1)

System w/ k particles, | constraints, n = k-| DOF

k
Virtual Work Z(m%rz —f)6r; = Zfa or;
1=1
k
> (mgF; —£;) - or; =0
1=1
or; " or -
rOTi o TOTi o
Yot 51-1_22& 50 = DY 5000 Z_:lwgéqg
=1 j5=1 g=111=1 J
i or;
_ T ? .
V; ;fi 90, jth generalized force

!JW!J
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Lagrange’s EOM for Systems of
Particles (2)

k
. 0 i
; mt; or; = Z Z mt; 8;

=1 5=1
i mra—r = M,;T; (’9_r+mrTi8rz
dt 7’7’8% Z"@ sztﬁqj
or; ov; or;
Note: ) 1, =v, = “q; =t
) Z 8613 0¢;  0q;
d arz & 821'1 (’9r Bv-
2 ' ’L . — 1
) dt aq ZE: aq acﬂ Z 8ql & 8qj
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Lagrange’s EOM for Systems of
Particles (3)

ar, < {d [ v, v,
mitl gt = Yo { 4 [T G| - man S
Z 0q; Z dt 04, ' 0q;

=1

k
L 1
Kinetic Energy K =) cmiv/v:
1=1

ZmrTarz— d 0K 0K
" 0q;  dtOq; g

!JW!J
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Lagrange’s EOM for Systems of
Particles (4)

k
Y (mit; — £) - or; =
i=1
or; dOoK 0K - n
T ?
m%rz = f; - or; = Vi0q;
Z dqg;  dtdq; g ; Jz:; J7

And if ¢;= —g—P + 7, P - Potential Energy

j
Tj - Generalized Applied
Forces

Ry
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Summary

« f. -vectorin3D

* Virtual work W =f-dq =Y f;dq

j=1 )
o fj - component in the direction of€y.
J

DO virtual work vs. DO NOT

Ry
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Potential Energy

> N

P = mgTr(;

>y

Ry
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Kinetic Energy

Kinetic energy of a rigid body consists of two
parts

1 1
K=l=mv'vHzw' Zw
2 2

Translational Rotational

Inertia Tensor 1 = RIRT

Pe- - Robo3x-1.3 24
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Inertia Tensor

Ptinoisal
Plardeats of
Inertia

e 3%3 matrix

* Symmetric matrix

Iazy — Iyaza Iacz — sza Iyz — Izy

Ry
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Leto(, ¥, 2) denote the mass density

Lo = [ [ |6+ 20wy, 2)dudya:

Principal
Moments of Ly, = ///(w2+z2)p(w,y72)dxdydz
Inertia L. = / / / (22 + y2)p(x, y, 2)dzdydz

[]xy _ ]yxz—///xyp(:v,y,z)dxdydz
Cross Proc.lucts < I, = I.—— / / / zzp(x,y, z)dedydz

of Inertia
\Iyz _ ]zy:_///yzp(:c,y,z)dxdydz

Pe- - Robo3x-1.3 26
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Remarks

Inertia tensor depends on
* reference point

° coordinate frame bs

by
Ry
o Penn
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Example

Compute the inertia tensor of the block with

the given dimensions.

Assume p(x,¥y,2) is constant.

a

7

[V . .
& Engmeermg Property of Penn Engineering, Vijay Kumar and Ani Hsieh
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Potential Energy for n-Link Robot

e |-Link Robot

P = mgTr(;

* n-Link Robot

T
P, = m;g re,
T
P = E mg’ re,
i=1

Pe- - Robo3x-1.3 30
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Kinetic Energy for n-Link Robot (1)

e |-Link Robot

* n-Link Robot

1
IC = Z{ mv; Vz—l—szZwi}

!JW!J

) Penn
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Review of the Jacobian

q € R"

f(@) € R™ f:R" > R™

of

=2
dq, dq,

J..
U
) Penn

‘ Engm mg Property of Penn Engineering, Vijay Kumar and Ani Hsieh

Oh

0qq

Ofm
| dq,

af,-

g

Jdqn

2q,,.-
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Kinetic Energy of n-Link Robot (2)

vi=Jy,(@)a  w; =T, (q)q

_ 1 o T p T T T .
K =34 ;miJUiJW +IT R LRI, | ¢4

D(q) = ZmiJiJW +J. R, LR T,
=1

Ry
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Euler-Lagrange EOM for n-Link
Robot (1)

Assumptions:

e JC is quadratic function of q

* P ="P(q) andindependent of q

1
L=K-P= 54 D(a)q-7P(q)

1 .
= 3 E .:dij(q)qfi%' — P(q)
1,7

Ry
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Euler-Lagrange EOM for n-Link
Robot (2)

d OL oL 1 .
dt 8G, Og. " L= 5 Zdij((l)q@’%' —P(a)
1]
oL
Y E :dqu]
dk .
J
d OL 8(11:/'
d ( { ‘—. ;
% 30, ; il ZJ: 5. 414
Penn.
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Euler-Lagrange EOM for n-Link
Robot (3)

d OL OL 1 .
itdq, o4 ¢ Lt7T3 Z di;(q)dig; — P(q)
(Z¥]

. A d:4
oqr, 2 > oqr, Iqx
(‘)d;, 1 (9(1,, oP
deq A 49 T{f }q,q b = Tk
] Y i ()QJ / Z 2 dq / dQl\

Ry
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Euler-Lagrange EOM for n-Link
Robot (4)

Z drj(a)g; + S: S: CijkdiGj + gk(A) = Tk
j=1

i=1 j=1

_ 9P
gk—aqk

Christoffel Symbols  ¢;;;, = % {(9dkj Odg;  0d;; }

+ -
dqi 3%‘ g

In matrix form D(q)d+ C(a,q)q+gla) =7

N

o) Penn
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Skew Symmetry

D(q)d+C(a,q)a+glq) =7

D(q) = [Z m;J, Jo, + JZiRiIiR?Jwi]
i=1

Cjk = zCijk(Q)%
=1
"1 (0dy; = Ody;  Odij) .
- g { G B Mul,
~2\0¢;  Oq; O

D(q) — 2C(q,4)] = —[D(q) — 2C(q,q)]"

Ry
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Passivity

T
/ qTT(e)ds > —3
0

* Power = Force x Velocity
* Energy dissipated over finite time is bounded

* Important for Controls

Ry
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Bounds on D(q)

« Xi(q) - eigenvalue of D(q)
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Linearity in the Parameters

System Parameters:

* Mass, moments of inertia, lengths, etc.

D(q)d+ C(q,q)q+g(q) =7

D(q)g+C(q,4)qd+g(qa) =Y(q,94,4)0

Ry
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2-Link Cartesian Manipulator (1)

L=K—-7P

I'_Clz_’lLl

P =g(mi+m2)qg U = -

1 i @

K = -q {mJ, J, |
9 {ml Ve1 ™ Vel -

‘|—m2J£2JUC2} q N
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2-Link Cartesian Manipulator (2)

L, .
/C — §qT {mlchlJUcl _I_ mQJZCZJUCQ} q
|'_ qz_’l
]
( N _

—o —

N

Ry
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2-Link Cartesian Manipulator (3)

L, .
/C — §qT {mlchlJUcl _I_ mQJZCZJUCQ} q
|'_ qz_’l
]
( N _

—o —

Yo

N

Ry
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2-Link Cartesian Manipulator (4)

n

E dri(q S CijkGid; + gr(d) = Tk
1= 13 1 [— Clz_'l
aul
( '

—o —

N

!Jﬁd!)
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2-Link Planar Manipulator (1)

System parameters:
* Link lengths @1, @2

e Link center of mass location 4c;; Qe,

e Lin

Ry

& renn
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2-Link Planar Manipulator (2)

Recall rc,p, = G, c08(q1)Xo + ac, sin(q1)yo

rc., = (a1cos(qr)+ ae,cos(qr + q2))Xo
+ (a1 sin(q1) + ac, sin(q1 + g2)) yo

Ry
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2-Link Planar Manipulator (3)

—ac, sin(q;) 0]
Joey = | ac, cos(qr) 0
0 0

- —aysin(q1) — ac, sin(q1 + q2)  —ac, sin(q1 + q2) |
Joe, = | aicos(qi) +ac,cos(q1 +¢q2)  ac, cos(q1 + go)
& Lenn
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2-Link Planar Manipulator (4)

Kinetic Energy = Translational + Rotational

Translational

@ . . Robo3x-1.3 50
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2-Link Planar Manipulator (5)

Kinetic Energy = Translational + Rotational

Rotational

o . . Robo3x-1.3 51
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2-Link Planar Manipulator (6)

Kinetic Energy = Translational + Rotational

Rotational

o . . Robo3x-1.3 52
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2-Link Planar Manipulator (7)

Kinetic Energy = Translational + Rotational

Rotational

o . . Robo3x-1.3 53
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2-Link Planar Manipulator (8)

Kinetic Energy = Translational + Rotational

Rotational

o . . Robo3x-1.3 55
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2-Link Planar Manipulator (6)

1, . 1 0 1 17]).
o 81}

12121 +IZQZQ 12222 ]

IZQZQ -[2222

D(q) = mlchlJvcl + 7722.]1,TC2JUC2 + [
Y1

mla%l + Mo (a% + a%Q + 2a1ac, Cos(q2))
+Izlzl + IZZZZ

dis = do1 = mo (CL%2 + aiac, COS(QQ) + Izgzg
e Penn day = mga%b + Lzse
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2-Link Planar Manipulator (7)

di1n = mlaél + Mo (a% -+ a%2 + 2a1a0, Cos(q2)) + 1. + 1.,
dio = dop = mg(a%2 + arac, cos(qe) + 1,2,
dae = moad, + L.,z

Christoffel Symbols

c — 1 Od11 Odaq 1 0dqq
111 59 Cl1y = _ -
7 . Og1 2 O0qo
_ _ 11 10d
czr = = 2 0qo C122 = C212 = 5 8q212
Co21 = Odip 1 0ds ~ 1dda
dg2 2 Oqu 222 = 5 Oqo
) Penn
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2-Link Planar Manipulator (8)

Potential Energy

Ry
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2-Link Planar Manipulator (9)

Putting it all together

di1G1 + diado + c121G1G2 + c211G2G1 + C221G5 + g1 = T
do1d1 + dooa + C11247 + g2 = T

hgs + hgr
0
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Newton-Euler vs. Euler-Lagrange

> N-E: Newton’s Laws of Motion
> N-E: Explicit accounting for constraints

> N-E: Explicit accounting of the reference
frame

> E-L: D’Alembert’s Principle + Principle of
Virtual Work

> E-L: Invariant under point transformations

Ry
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Summary
* Lagrangian L=K-P

* D’Alembert’s Principle + Principle of Virtual

Work
d oL 0L
* Euler-Lagrange EOM Qi oq.  oqn
k=1,....n

* Properties of the E-L EOM
* Examples: 2 Link Planar Manipulators

Ry
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