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Euler Angles
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Z-X-Y Euler Angles

7 Sequence of three rotations about body-
A w fixed axes
Rot(z, y)  yaw

< DS 0 y Roi(x, )  roll

Rot(y, 9) pitch

> Y

¢ 3 Euler angles can be used to
A parameterize the rotation matrix

But, there are singularities!

R = Rot(z, ) * Rot(x, $) " Rot(y, 6)
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Z-X-Y Euler Angles

When are these Euler
angles singular?

R = Rot(z, v) ~ Rot(x, ¢) ~ Rot(y, 0)

R =

cicld — spsish
clsy + cypspsh
—copsb

—CcpSs
cocy
S¢

c)sl + clspsi) |

sst) — cOspc)
cocl

N. Michael, D. Mellinger, Q. Lindsey, V. Kumar, The GRASP Multiple Micro-UAV Testbed, IEEE
Robotics & Automation Magazine, vol.17, no.3, pp.56-65, Sept. 2010
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Planar Model

State Equations
Y 0 0
Z 0 0
Ir = 1 .
0 —=—sing 0 Ug
—q % cosp (0
o] L0 o
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Planar Quadrotor

Y 0 0

:% 0 0 y
. gb 0 0 U7 — h ) =
=1 o T —%singb 0 U Y ( ) Z

—gq %cosgb 0

o] L 0 g

Repeated differentiation of 4(x) does not yield explicit dependence on u

The system is not input output linearizable!
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Planar Quadrotor
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Repeated differentiation of 4(x) does not yield explicit dependence on u

Can extend state with higher order derivatives of input

_ : : ° .17
New T — [y > qﬁ Yy =z ¢ U1 Ul]
extended
state New ) H H
. u = . p—
mput U9 U9
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Planar Quadrotor

0 0
0 0
0 0 U1 Yy
—Lging 0 [uJ y = h(x) — [Z]
%cosgb 0
AU ol
_ 0 - 0 0
z 0 O
b 0 0
. _% Slﬂgb O O /al
e R
0 0 -
U 0 O
i 0 | 1 0
/(@) g(7)

Verify LgL3h s full rank (r = 4)
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Relative Degree of Freedom is 4

Y

z

Z Y

Z Z

A 2| = .

Z3 Y

Zy Z

Y

i 5

y(iv)} 1 [— sing —71cos¢ [’Ul} 1 [—21},1 coS pd + uq1 2 sin ¢

[z(i“) cos¢p — }i sin ¢ * m | —244 sin gbé — ulgf}g COS ¢

g

pliv) LoL3h

Correction:
Video 10.1 - This slide has been corrected to reflect this change:

4
th

—sing —7-cos¢
!'JR’EI Tz

) Penn Typo @8:20: the (2,1) element in the matrix (_ cos¢ — il sin )) should be cos ¢ instead of — cos ¢
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Dynamic State Feedback

Yy

<

Z Yy

Z9 Z

zZ = = .
Z3 Yy

Zy Z

Yy

y

y(?f'v) _ 1 ]- sing ~ — - cos gb + 1 os gbgb r.o sin gb
z(w) m | — cos gb — }ilz sin gb u2 111 gbgb u COS Q.{)

1
‘ Engmeemg Property of University of Pennsylvania, Vijay Kumar



Input-Output Linearization

T=ly 2 ¢ 9§ 2 ¢ wu U

new system
(XY
y( ) = U
Nonlinear feedback transforms the original nonlinear system to a new linear system
Linearization is exact (distinct from linear approximations to nonlinear systems)
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Linear System

Y
z We can design a linear
BN o, controller to drive the
Zo z system along any
4= Z3 - i smooth Z(t)
_Z4_ Z
'y

y(i’v) 1 [—sing —}"‘1 cos ¢| [1iq 1 | —2u4 cosgbgiﬁ—kulgﬁﬁsingb
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A similar approach can be used for 3-D
quadrotors
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Differential Flatness

All state variables and the inputs can be written as smooth
functions ofl flat outputsland their derivatives

Y

2z

¢

diffeomorphism | Y
) > z
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vt v d]
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y(i0) U1
_z(iﬁ)_ ul
U2

Differential Flatness (Murray et al, 1995)
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Planar Quadrotor

The flat outputs and their derivatives can be written as a
function of the state, the inputs, and their derivatives

Flat outputs State Input
Y Y] Uy
z < U2
¢
Y
z
. 1 . .
gl _ |—-sing b
2__[%COS¢]U’1 o
y(”"') _ 1 ulqb COS ¢ — 17 sin ¢
z(m)_ m ul(b sin gb + U7 cOoS (b
y@ 1 [—sing —7=cosé v 1 [—201 ¢ cos ¢ + uq ¢? sin ¢
2 | cos ¢ —7-sing —201 ¢ sin ¢ — uqd? cos ¢
= Penn
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Planar Quadrotor

The state, the inputs, and their derivatives can be written as
a function of the flat outputs and their derivatives

Flat outputs  State Input

Y Y] U1
Z < U9
¢
Y
z
5 s ¢
up =m (§° + 2°) o iy = ...
¢ = atan2 (_myymz) Qg:
wr | u
U = m(— (1) sin ¢ + 209 cos ) Ug = ...

Penngb = ( (#9) ¢og O + PAGRS Y qﬁ)
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The three-dimensional quadrotor 1s
differentially flat.
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Differential Flatness (3-D Quadrotor)

_ _ -Fl_
Inputs 4 0o 1 0 -1
) Z k u=L|-1 0 1 0 ?2
U, — y wou g 8
I ] © LA
State r ]
X X V
( ) ) X UL = m(a3 _ g.bg)
a X Uy = mMmj3
T ’ 1 oo
jerk { J Uuq ih = ms3 + u1(q° + rp)
S <> . '
—1mj2
snap ul p— "
yaw w ul ~ mj1
¢ u9 b
!'JW!J Penn D. Mellinger and V. Kumar, “Minmimum Snap Trajectory Generation and Control for

Quadrotors,” Proc. IEEE Int. Conf. on Robotics and Automation. May, 2011.
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Trajectory Planner

Minimum snap trajectory

RS I S T S N P e T S S W A SIS
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Minimum Snap Trajectory
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Minimum Snap Trajectory
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Minimum Snap Trajectory
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Input Output Linearization
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Trajectory Tracking

Givenrr(t),rr(t), ¥ (1)
rdes (t), I-,des (t
(

> wdes (t) . wdes t), 77Ldes (t) rr (t)

/

desired trajectory
(position, yaw)

A
¥
-
%

s

wWant (Fr(t) —¥.) + kdo€v + kpzep =

e

Penn. Commanded acceleration, calculated by the controller
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Trajectory Tracking

\Vdes
'mdes (t)-
des
rrT (t) — zdes Eg
_wdes (t)_t
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How to determine R%%*?

You are given two pieces of information

t
Rdes b3 7

Hjriits

You know that the rotation matrix has the form

You should be able to find the roll and pitch angles.

L
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How to calculate the error er(R**, R)?

Cannot simply take the difference of two rotation matrices

What is the magnitude of the rotation required to go
from the current orientation to the desired orientation?

R — RY¢

The required rotation 1s
AR =R'R™

The angle and axis of rotation can be determined

using Rodrigues formula
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