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Video 6.1
Jianbo Shi
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Optical Flow: 2D point correspondences

2



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis
3



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

d

I J( ) ( )x x+ d

4



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

I J( ) ( )x x+ d

= + +d

5



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

= -
E(d=(0,0))

E

d

Correspondence cost

J I
d

2
min = ( ) ( )E x+ d x

E(d=(-7,-9))

= -
6



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Step 1: 

E

d

d*

d

d



d d

d *

0
E

d

d



d d

d *

0
E

J I
2

= ( ) ( )E(d) x+ d x

     
T

J I J I ( ) ( ) ( ) ( )E d  = x+ d x  x+ d x

7



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Step 1: 

E

d

d*

d

d



d d

d *

0
E

d

d



d d

d *

0
E

J I
2

= ( ) ( )E(d) x+ d x

     
T

J I J I ( ) ( ) ( ) ( )E d  = x+ d x  x+ d x

 
J

I
 

 
 

T( )
2 ( ) ( )

E
J

x+ d
x+ d x

d d

8



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

     
T

J I J I ( ) ( ) ( ) ( )E d  = x+ d x  x+ d x

Step 1: 

E

d

d*

d

d



d d

d *

0
E

d

d



d d

d *

0
E

 
J

I
 

 
 

T( )
2 ( ) ( )

E
J

x+ d
x+ d x

d d

J I
2

= ( ) ( )E(d) x+ d x

 
J

I
 

 
 

T( )
2 ( ) ( )

E
J

x
x+ d x

d x

9



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Step 1: 

E

d

d*

d

d



d d

d *

0
E

d

d



d d

d *

0
E

J I
2

= ( ) ( )E(d) x+ d x

 
J

I
 

 
 

T( )
2 ( ) ( )

E
J

x
x+ d x

d x
d

d



d d

d #

0
E

J J x y J x y

x y

   
  

   

( ) ( , ) ( , )
,

x

x
where : Image Gradient

10



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

E

x

x*

*

0
d

d



x x

E

x

#x #x

#

0
d

d



x x

E

x

J I
2

= ( ) ( )E(d) x+ d x

 
J

I
 

 
 

T( )
2 ( ) ( )

E
J

x
x+ d x

d x

  0I
 

 
 

T( )
2 ( )- ( )

E J
J

x
x+ d x

d x

Step 1: 
d

d



d d

d *

0
E

Find d such that the above equation is satisfied

11



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Find d such that the above equation is satisfied
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Video 6.2
Jianbo Shi
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Nonlinear System
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2D unknowns flow vector 

per pixel, 2 equations

 
   

   
   

T T( ) ( ) ( )
( ) ( )

J J J
I J

x x x
d x x

x x x

Also known as second moment matrix

20



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

  
 

  

T( ) ( )J Jx x

x x

21



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

 





T( )
( ) ( )

J
I J

x
x x

x

22



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

 
   

   
   

T T( ) ( ) ( )
( ) ( )

J J J
I J

x x x
d x x

x x x

23



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

 
   

   
   

T T( ) ( ) ( )
( ) ( )

J J J
I J

x x x
d x x

x x x

24



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Error

Solve for displacement
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2 × 2 matrix

Summing over pixels
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2 × 1 matrix

Summing over pixels
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Video 6.3
Jianbo Shi
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Error

Step 3: Solve for displacement, warp image, and iterate
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Error

Step 3: Solve for displacement, warp image, and iterate
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Erro

r
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Error

d=(-4.9, -0.4)

Step 3: Solve for displacement, warp image, and iterate
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Erro

r
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Video 6.4
Jianbo Shi
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Dense optical flow encodes object motion 
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Dense optical flow encodes object motion 
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A Failed Case: fast movement 
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×

The influence of I(x) is not incorporated!
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The influence of I(x) is Not included!

Guesswhat’s the corresponding displacement?
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−0.011, 0.09

Almost zero motion, why?

 
   

   
   

T T( ) ( ) ( )
( ) ( )

J J J
I J

x x x
d x x

x x x

56



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

×
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Video 6.5
Jianbo Shi
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Solution 1: multi scale optical flow

Solution 2: increase the kernel size of gradient
operator
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×

The influence of I(x) is incorporated!
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Down sampling image is equivalent to increase the kernel size.
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+

Kernel size

Solution 2: increase the kernel size of gradient operator
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+

Solution 2: increase the kernel size of gradient operator

Kernel size
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Solution 2: increase the kernel size of gradient operator

Kernel size
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+

Solution 2: increase the kernel size of gradient operator
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Median kernel
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d=(-2.9, -3.0)
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d=(-8.3, 19.0)
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Video 6.6
Kostas Daniilidis
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A robot is always in motion
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Ouchi
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Aperture Problem

89



Property of Penn Engineering, Jianbo Shi / Kostas Daniilidis

Barber Pole Illusion
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Optical Flow
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Brightness Constancy
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Assume just an xt-slice through the 
video
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.. Like a wave!
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.. In the Fourier Domain
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Motion spectrum is 

Taking the original spectrum, rotating, and 
stretching 
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Fourier of a wave
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Temporal aliasing
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Temporal Aliasing
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