
Outline
‣ Non-linear classification and regression 
‣ Feature maps, their inner products 
‣ Kernel functions induced from feature maps 
‣ Kernel methods, kernel perceptron 
‣ Other non-linear classifiers (e.g., Random Forest)



Linear classifiers on the real line
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In feature space
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Back to the real line
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2-dim example

x1
<latexit sha1_base64="GiHX6bQYrC8jUzWcW8H28CrnhPA=">AAACJXicbVDLSsNAFJ34rLVqq0s3wSK4KokPdFlw47KifUBbymRy2w6dTMLMjbaEfIJb/QS/xp0IrvwVp20WtvXAwOGce5l7jhcJrtFxvq219Y3Nre3cTn63sLd/UCwdNnQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+Oe2yuWnYozg71K3IyUSYZar2QVOn7I4gAkMkG1brtOhN2EKuRMQJrvxBoiykZ0AG1DJQ1Ad5PZral9ahTf7ofKPIn2TP27kdBA60ngmcmA4lAve1PxP68dY/+mm3AZxQiSzT/qx8LG0J4Gt32ugKGYGEKZ4uZWmw2pogxNPfmOBtOdHOAw6URUcembdGligqULHsIYn7lvbkguKldcpnnTn7vc1ippnFdcp+LeX5ar1azJHDkmJ+SMuOSaVMkdqZE6YWRAXsgrebPerQ/r0/qaj65Z2c4RWYD18wuL76Us</latexit><latexit sha1_base64="GiHX6bQYrC8jUzWcW8H28CrnhPA=">AAACJXicbVDLSsNAFJ34rLVqq0s3wSK4KokPdFlw47KifUBbymRy2w6dTMLMjbaEfIJb/QS/xp0IrvwVp20WtvXAwOGce5l7jhcJrtFxvq219Y3Nre3cTn63sLd/UCwdNnQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+Oe2yuWnYozg71K3IyUSYZar2QVOn7I4gAkMkG1brtOhN2EKuRMQJrvxBoiykZ0AG1DJQ1Ad5PZral9ahTf7ofKPIn2TP27kdBA60ngmcmA4lAve1PxP68dY/+mm3AZxQiSzT/qx8LG0J4Gt32ugKGYGEKZ4uZWmw2pogxNPfmOBtOdHOAw6URUcembdGligqULHsIYn7lvbkguKldcpnnTn7vc1ippnFdcp+LeX5ar1azJHDkmJ+SMuOSaVMkdqZE6YWRAXsgrebPerQ/r0/qaj65Z2c4RWYD18wuL76Us</latexit><latexit sha1_base64="GiHX6bQYrC8jUzWcW8H28CrnhPA=">AAACJXicbVDLSsNAFJ34rLVqq0s3wSK4KokPdFlw47KifUBbymRy2w6dTMLMjbaEfIJb/QS/xp0IrvwVp20WtvXAwOGce5l7jhcJrtFxvq219Y3Nre3cTn63sLd/UCwdNnQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+Oe2yuWnYozg71K3IyUSYZar2QVOn7I4gAkMkG1brtOhN2EKuRMQJrvxBoiykZ0AG1DJQ1Ad5PZral9ahTf7ofKPIn2TP27kdBA60ngmcmA4lAve1PxP68dY/+mm3AZxQiSzT/qx8LG0J4Gt32ugKGYGEKZ4uZWmw2pogxNPfmOBtOdHOAw6URUcembdGligqULHsIYn7lvbkguKldcpnnTn7vc1ippnFdcp+LeX5ar1azJHDkmJ+SMuOSaVMkdqZE6YWRAXsgrebPerQ/r0/qaj65Z2c4RWYD18wuL76Us</latexit><latexit sha1_base64="GiHX6bQYrC8jUzWcW8H28CrnhPA=">AAACJXicbVDLSsNAFJ34rLVqq0s3wSK4KokPdFlw47KifUBbymRy2w6dTMLMjbaEfIJb/QS/xp0IrvwVp20WtvXAwOGce5l7jhcJrtFxvq219Y3Nre3cTn63sLd/UCwdNnQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+Oe2yuWnYozg71K3IyUSYZar2QVOn7I4gAkMkG1brtOhN2EKuRMQJrvxBoiykZ0AG1DJQ1Ad5PZral9ahTf7ofKPIn2TP27kdBA60ngmcmA4lAve1PxP68dY/+mm3AZxQiSzT/qx8LG0J4Gt32ugKGYGEKZ4uZWmw2pogxNPfmOBtOdHOAw6URUcembdGligqULHsIYn7lvbkguKldcpnnTn7vc1ippnFdcp+LeX5ar1azJHDkmJ+SMuOSaVMkdqZE6YWRAXsgrebPerQ/r0/qaj65Z2c4RWYD18wuL76Us</latexit>

x2
<latexit sha1_base64="myo5jURk4/mF8PHqLhGSN4Tw4wc=">AAACJXicbVDLSsNAFJ3UV61VW126CRbBVUmqosuCG5cV7QPaUiaT23boZBJmbrQl5BPc6if4Ne5EcOWvOH0sbOuBgcM59zL3HC8SXKPjfFuZjc2t7Z3sbm4vv39wWCgeNXQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+NepVcoOWVnBnuduAtSIgvUekUr3/FDFgcgkQmqddt1IuwmVCFnAtJcJ9YQUTaiA2gbKmkAupvMbk3tM6P4dj9U5km0Z+rfjYQGWk8Cz0wGFId61ZuK/3ntGPs33YTLKEaQbP5RPxY2hvY0uO1zBQzFxBDKFDe32mxIFWVo6sl1NJju5ACHSSeiikvfpEsTEyxd8hDG+Mx9c0NyUb7iMs2Z/tzVttZJo1J2nbJ7f1mqVhdNZskJOSXnxCXXpEruSI3UCSMD8kJeyZv1bn1Yn9bXfDRjLXaOyRKsn1+NrqUt</latexit><latexit sha1_base64="myo5jURk4/mF8PHqLhGSN4Tw4wc=">AAACJXicbVDLSsNAFJ3UV61VW126CRbBVUmqosuCG5cV7QPaUiaT23boZBJmbrQl5BPc6if4Ne5EcOWvOH0sbOuBgcM59zL3HC8SXKPjfFuZjc2t7Z3sbm4vv39wWCgeNXQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+NepVcoOWVnBnuduAtSIgvUekUr3/FDFgcgkQmqddt1IuwmVCFnAtJcJ9YQUTaiA2gbKmkAupvMbk3tM6P4dj9U5km0Z+rfjYQGWk8Cz0wGFId61ZuK/3ntGPs33YTLKEaQbP5RPxY2hvY0uO1zBQzFxBDKFDe32mxIFWVo6sl1NJju5ACHSSeiikvfpEsTEyxd8hDG+Mx9c0NyUb7iMs2Z/tzVttZJo1J2nbJ7f1mqVhdNZskJOSXnxCXXpEruSI3UCSMD8kJeyZv1bn1Yn9bXfDRjLXaOyRKsn1+NrqUt</latexit><latexit sha1_base64="myo5jURk4/mF8PHqLhGSN4Tw4wc=">AAACJXicbVDLSsNAFJ3UV61VW126CRbBVUmqosuCG5cV7QPaUiaT23boZBJmbrQl5BPc6if4Ne5EcOWvOH0sbOuBgcM59zL3HC8SXKPjfFuZjc2t7Z3sbm4vv39wWCgeNXQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+NepVcoOWVnBnuduAtSIgvUekUr3/FDFgcgkQmqddt1IuwmVCFnAtJcJ9YQUTaiA2gbKmkAupvMbk3tM6P4dj9U5km0Z+rfjYQGWk8Cz0wGFId61ZuK/3ntGPs33YTLKEaQbP5RPxY2hvY0uO1zBQzFxBDKFDe32mxIFWVo6sl1NJju5ACHSSeiikvfpEsTEyxd8hDG+Mx9c0NyUb7iMs2Z/tzVttZJo1J2nbJ7f1mqVhdNZskJOSXnxCXXpEruSI3UCSMD8kJeyZv1bn1Yn9bXfDRjLXaOyRKsn1+NrqUt</latexit><latexit sha1_base64="myo5jURk4/mF8PHqLhGSN4Tw4wc=">AAACJXicbVDLSsNAFJ3UV61VW126CRbBVUmqosuCG5cV7QPaUiaT23boZBJmbrQl5BPc6if4Ne5EcOWvOH0sbOuBgcM59zL3HC8SXKPjfFuZjc2t7Z3sbm4vv39wWCgeNXQYKwZ1FopQtTyqQXAJdeQooBUpoIEnoOmNbqd+8wmU5qF8xEkE3YAOJO9zRtFID+NepVcoOWVnBnuduAtSIgvUekUr3/FDFgcgkQmqddt1IuwmVCFnAtJcJ9YQUTaiA2gbKmkAupvMbk3tM6P4dj9U5km0Z+rfjYQGWk8Cz0wGFId61ZuK/3ntGPs33YTLKEaQbP5RPxY2hvY0uO1zBQzFxBDKFDe32mxIFWVo6sl1NJju5ACHSSeiikvfpEsTEyxd8hDG+Mx9c0NyUb7iMs2Z/tzVttZJo1J2nbJ7f1mqVhdNZskJOSXnxCXXpEruSI3UCSMD8kJeyZv1bn1Yn9bXfDRjLXaOyRKsn1+NrqUt</latexit>
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<latexit sha1_base64="/SAphBAewSs1Zb7cjk/tI7c8g1I=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkPbdXqjhVZwZ7nbgLUiEL1Htlq+gFEUtCkMgE1brjOjF2U6qQMwFZwUs0xJSN6AA6hkoagu6ms3Mz+8wogd2PlHkS7Zn6dyOlodbj0DeTIcWhXvWm4n9eJ8H+bTflMk4QJJt/1E+EjZE9zW4HXAFDMTaEMsXNrTYbUkUZmoYKngZTnxzgMPViqrgMTLosNcGyJQ/hFV94YG5IL6vXXGYF05+72tY6aV5UXafqPlxVarVFk3lyQk7JOXHJDamRe1InDcLIE3kj7+TD+rS+rG9rMh/NWYudY7IE6+cX/72mbw==</latexit><latexit sha1_base64="/SAphBAewSs1Zb7cjk/tI7c8g1I=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkPbdXqjhVZwZ7nbgLUiEL1Htlq+gFEUtCkMgE1brjOjF2U6qQMwFZwUs0xJSN6AA6hkoagu6ms3Mz+8wogd2PlHkS7Zn6dyOlodbj0DeTIcWhXvWm4n9eJ8H+bTflMk4QJJt/1E+EjZE9zW4HXAFDMTaEMsXNrTYbUkUZmoYKngZTnxzgMPViqrgMTLosNcGyJQ/hFV94YG5IL6vXXGYF05+72tY6aV5UXafqPlxVarVFk3lyQk7JOXHJDamRe1InDcLIE3kj7+TD+rS+rG9rMh/NWYudY7IE6+cX/72mbw==</latexit><latexit sha1_base64="/SAphBAewSs1Zb7cjk/tI7c8g1I=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkPbdXqjhVZwZ7nbgLUiEL1Htlq+gFEUtCkMgE1brjOjF2U6qQMwFZwUs0xJSN6AA6hkoagu6ms3Mz+8wogd2PlHkS7Zn6dyOlodbj0DeTIcWhXvWm4n9eJ8H+bTflMk4QJJt/1E+EjZE9zW4HXAFDMTaEMsXNrTYbUkUZmoYKngZTnxzgMPViqrgMTLosNcGyJQ/hFV94YG5IL6vXXGYF05+72tY6aV5UXafqPlxVarVFk3lyQk7JOXHJDamRe1InDcLIE3kj7+TD+rS+rG9rMh/NWYudY7IE6+cX/72mbw==</latexit><latexit sha1_base64="/SAphBAewSs1Zb7cjk/tI7c8g1I=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkPbdXqjhVZwZ7nbgLUiEL1Htlq+gFEUtCkMgE1brjOjF2U6qQMwFZwUs0xJSN6AA6hkoagu6ms3Mz+8wogd2PlHkS7Zn6dyOlodbj0DeTIcWhXvWm4n9eJ8H+bTflMk4QJJt/1E+EjZE9zW4HXAFDMTaEMsXNrTYbUkUZmoYKngZTnxzgMPViqrgMTLosNcGyJQ/hFV94YG5IL6vXXGYF05+72tY6aV5UXafqPlxVarVFk3lyQk7JOXHJDamRe1InDcLIE3kj7+TD+rS+rG9rMh/NWYudY7IE6+cX/72mbw==</latexit>

�2
<latexit sha1_base64="jnWQuKVA8O0TVGrapsF/8tTyAAU=">AAACKHicbVDLSsNAFJ34rLVqq0s3wSK4KklVdFlw47KCfUBTymRy246dTMLMjVpC/sGtfoJf40669UucPha29cDA4Zx7mXuOHwuu0XEm1sbm1vbObm4vv184ODwqlo6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kd3U7/1DErzSD7iOIZuSAeS9zmjaKSmFw95r9orlp2KM4O9TtwFKZMF6r2SVfCCiCUhSGSCat1xnRi7KVXImYAs7yUaYspGdAAdQyUNQXfT2bmZfW6UwO5HyjyJ9kz9u5HSUOtx6JvJkOJQr3pT8T+vk2D/tptyGScIks0/6ifCxsieZrcDroChGBtCmeLmVpsNqaIMTUN5T4OpTw5wmHoxVVwGJl2WmmDZkofwii88MDekl5VrLrO86c9dbWudNKsV16m4D1flWm3RZI6ckjNyQVxyQ2rkntRJgzDyRN7IO/mwPq0v69uazEc3rMXOCVmC9fMLAYumcA==</latexit><latexit sha1_base64="jnWQuKVA8O0TVGrapsF/8tTyAAU=">AAACKHicbVDLSsNAFJ34rLVqq0s3wSK4KklVdFlw47KCfUBTymRy246dTMLMjVpC/sGtfoJf40669UucPha29cDA4Zx7mXuOHwuu0XEm1sbm1vbObm4vv184ODwqlo6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kd3U7/1DErzSD7iOIZuSAeS9zmjaKSmFw95r9orlp2KM4O9TtwFKZMF6r2SVfCCiCUhSGSCat1xnRi7KVXImYAs7yUaYspGdAAdQyUNQXfT2bmZfW6UwO5HyjyJ9kz9u5HSUOtx6JvJkOJQr3pT8T+vk2D/tptyGScIks0/6ifCxsieZrcDroChGBtCmeLmVpsNqaIMTUN5T4OpTw5wmHoxVVwGJl2WmmDZkofwii88MDekl5VrLrO86c9dbWudNKsV16m4D1flWm3RZI6ckjNyQVxyQ2rkntRJgzDyRN7IO/mwPq0v69uazEc3rMXOCVmC9fMLAYumcA==</latexit><latexit sha1_base64="jnWQuKVA8O0TVGrapsF/8tTyAAU=">AAACKHicbVDLSsNAFJ34rLVqq0s3wSK4KklVdFlw47KCfUBTymRy246dTMLMjVpC/sGtfoJf40669UucPha29cDA4Zx7mXuOHwuu0XEm1sbm1vbObm4vv184ODwqlo6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kd3U7/1DErzSD7iOIZuSAeS9zmjaKSmFw95r9orlp2KM4O9TtwFKZMF6r2SVfCCiCUhSGSCat1xnRi7KVXImYAs7yUaYspGdAAdQyUNQXfT2bmZfW6UwO5HyjyJ9kz9u5HSUOtx6JvJkOJQr3pT8T+vk2D/tptyGScIks0/6ifCxsieZrcDroChGBtCmeLmVpsNqaIMTUN5T4OpTw5wmHoxVVwGJl2WmmDZkofwii88MDekl5VrLrO86c9dbWudNKsV16m4D1flWm3RZI6ckjNyQVxyQ2rkntRJgzDyRN7IO/mwPq0v69uazEc3rMXOCVmC9fMLAYumcA==</latexit><latexit sha1_base64="jnWQuKVA8O0TVGrapsF/8tTyAAU=">AAACKHicbVDLSsNAFJ34rLVqq0s3wSK4KklVdFlw47KCfUBTymRy246dTMLMjVpC/sGtfoJf40669UucPha29cDA4Zx7mXuOHwuu0XEm1sbm1vbObm4vv184ODwqlo6bOkoUgwaLRKTaPtUguIQGchTQjhXQ0BfQ8kd3U7/1DErzSD7iOIZuSAeS9zmjaKSmFw95r9orlp2KM4O9TtwFKZMF6r2SVfCCiCUhSGSCat1xnRi7KVXImYAs7yUaYspGdAAdQyUNQXfT2bmZfW6UwO5HyjyJ9kz9u5HSUOtx6JvJkOJQr3pT8T+vk2D/tptyGScIks0/6ifCxsieZrcDroChGBtCmeLmVpsNqaIMTUN5T4OpTw5wmHoxVVwGJl2WmmDZkofwii88MDekl5VrLrO86c9dbWudNKsV16m4D1flWm3RZI6ckjNyQVxyQ2rkntRJgzDyRN7IO/mwPq0v69uazEc3rMXOCVmC9fMLAYumcA==</latexit>

�3
<latexit sha1_base64="MjuwMqf1DF9XvVAB2F27Olt1Nh0=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkvcteqeJUnRnsdeIuSIUsUO+VraIXRCwJQSITVOuO68TYTalCzgRkBS/REFM2ogPoGCppCLqbzs7N7DOjBHY/UuZJtGfq342UhlqPQ99MhhSHetWbiv95nQT7t92UyzhBkGz+UT8RNkb2NLsdcAUMxdgQyhQ3t9psSBVlaBoqeBpMfXKAw9SLqeIyMOmy1ATLljyEV3zhgbkhvaxec5kVTH/ualvrpHlRdZ2q+3BVqdUWTebJCTkl58QlN6RG7kmdNAgjT+SNvJMP69P6sr6tyXw0Zy12jskSrJ9fA0qmcQ==</latexit><latexit sha1_base64="MjuwMqf1DF9XvVAB2F27Olt1Nh0=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkvcteqeJUnRnsdeIuSIUsUO+VraIXRCwJQSITVOuO68TYTalCzgRkBS/REFM2ogPoGCppCLqbzs7N7DOjBHY/UuZJtGfq342UhlqPQ99MhhSHetWbiv95nQT7t92UyzhBkGz+UT8RNkb2NLsdcAUMxdgQyhQ3t9psSBVlaBoqeBpMfXKAw9SLqeIyMOmy1ATLljyEV3zhgbkhvaxec5kVTH/ualvrpHlRdZ2q+3BVqdUWTebJCTkl58QlN6RG7kmdNAgjT+SNvJMP69P6sr6tyXw0Zy12jskSrJ9fA0qmcQ==</latexit><latexit sha1_base64="MjuwMqf1DF9XvVAB2F27Olt1Nh0=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkvcteqeJUnRnsdeIuSIUsUO+VraIXRCwJQSITVOuO68TYTalCzgRkBS/REFM2ogPoGCppCLqbzs7N7DOjBHY/UuZJtGfq342UhlqPQ99MhhSHetWbiv95nQT7t92UyzhBkGz+UT8RNkb2NLsdcAUMxdgQyhQ3t9psSBVlaBoqeBpMfXKAw9SLqeIyMOmy1ATLljyEV3zhgbkhvaxec5kVTH/ualvrpHlRdZ2q+3BVqdUWTebJCTkl58QlN6RG7kmdNAgjT+SNvJMP69P6sr6tyXw0Zy12jskSrJ9fA0qmcQ==</latexit><latexit sha1_base64="MjuwMqf1DF9XvVAB2F27Olt1Nh0=">AAACKHicbVDLSsNAFJ3UV61VW126CRbBVUl8oMuCG5cV7AOaUiaT23bsZBJmbtQS8g9u9RP8GnfSrV/i9LGwrQcGDufcy9xz/FhwjY4zsXIbm1vbO/ndwl5x/+CwVD5q6ihRDBosEpFq+1SD4BIayFFAO1ZAQ19Ayx/dTf3WMyjNI/mI4xi6IR1I3ueMopGaXjzkvcteqeJUnRnsdeIuSIUsUO+VraIXRCwJQSITVOuO68TYTalCzgRkBS/REFM2ogPoGCppCLqbzs7N7DOjBHY/UuZJtGfq342UhlqPQ99MhhSHetWbiv95nQT7t92UyzhBkGz+UT8RNkb2NLsdcAUMxdgQyhQ3t9psSBVlaBoqeBpMfXKAw9SLqeIyMOmy1ATLljyEV3zhgbkhvaxec5kVTH/ualvrpHlRdZ2q+3BVqdUWTebJCTkl58QlN6RG7kmdNAgjT+SNvJMP69P6sr6tyXw0Zy12jskSrJ9fA0qmcQ==</latexit>



Polynomial features
‣ We can add more polynomial terms 

‣ Means lots of features in higher dimensions 



Non-lin. classification & regression
‣ Non-linear classification 

‣ Non-linear regression 
 
 
 
 
 
 
 
 
 
e.g., 

f(x; ✓, ✓0) = ✓ · �(x) + ✓0

h(x; ✓, ✓0) = sign
�
✓ · �(x) + ✓0

�

�(x) = [x, x2]T



Non-linear regression
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Figure 2: Kernel regression with a linear kernel (top left), 3rd order polynomial kernel (top
right), 5th order polynomial kernel (bottow left), and a 7th order polynomial kernel (bottom
right).

(3) If K1(x, x0) and K2(x, x0) are kernels, then so is their sum. In other words, K(x, x0) =
K1(x, x0) +K2(x, x0) is a kernel.

(4) If K1(x, x0) and K2(x, x0) are kernels, then so is their product K(x, x0) = K1(x, x0)K2(x, x0)

To understand these composition rules, let’s figure out how they relate to the underly-
ing feature mappings. For example, a constant kernel K(x, x0) = 1 simply corresponds
to �(x) = 1 for all x 2 Rd. Similarly, if �(x) is the feature mapping for kernel K(x, x0),
then K̃(x, x0) = f(x)K(x, x0)f(x0) (rule 2) corresponds to �̃(x) = f(x)�(x). Adding ker-
nels means appending feature vectors. For example, let’s say that K1(x, x0) and K2(x, x0)
correspond to feature mappings �(1)(x) and �(2)(x), respectively. Then (see rule 3)

K(x, x0) =


�(1)(x)
�(2)(x)

�
·

�(1)(x)
�(2)(x)

�
(23)

= �(1)(x) · �(1)(x0) + �(2)(x) · �(2)(x0) (24)
= K1(x, x

0) +K2(x, x
0) (25)

6

linear 3rd order

5th order 7th order



Why not feature vectors?
‣ By mapping input examples explicitly into feature 

vectors, and performing linear classification or 
regression on top of such feature vectors, we get a lot of 
expressive power 

‣ But the downside is that these vectors can be quite high 
dimensional



Inner products, kernels
‣ Computing the inner product between two feature 

vectors can be cheap even if the vectors are very high 
dimensional

�(x) = [x1, x2, x
2
1,
p
2x1x2, x

2
2]

T

�(x0) = [x0
1, x

0
2, x

02
1,
p
2x0

1x
0
2, x

02
2]

T



Kernels vs features
‣ For some feature maps, we can evaluate the inner 

products very efficiently, e.g., 

‣ In those cases, it is advantageous to express the linear 
classifiers (regression methods) in terms of kernels 
rather than explicitly constructing feature vectors



Recall perceptron

✓ = 0

run through i = 1, . . . , n

✓  ✓ + y(i)�(x(i))

if y(i) ✓ · �(x(i))  0



Recall perceptron

✓ = 0

run through i = 1, . . . , n

✓  ✓ + y(i)�(x(i))

if y(i) ✓ · �(x(i))  0



Feature engineering, kernels
‣ Composition rules: 

1. K(x, x0) = 1 is a kernel function.

2. Let f : Rd ! R and K(x, x0) is a kernel. Then so is
K̃(x, x0) = f(x)K(x, x0)f(x0)

3. If K1(x, x0) and K2(x, x0) are kernels, then
K(x, x0) = K1(x, x0) +K2(x, x0) is a kernel

4. If K1(x, x0) and K2(x, x0) are kernels, then
K(x, x0) = K1(x, x0)K2(x, x0) is a kernel



Radial basis kernel
‣ The feature vectors can be infinite dimensional… this 

means that they have unlimited expressive power

K(x, x0) = exp(�1

2
kx� x0k2)
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Radial basis kernel
‣ The feature vectors can be infinite dimensional… this 

means that they have unlimited expressive power

K(x, x0) = exp(�1

2
kx� x0k2)



Other non-linear classifiers
‣ Random forest is a good default classifier for (almost) 

any setting 

‣ Procedure: 
- boostrap sample 
- build a (randomized) decision tree 
- average predictions (ensemble)
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Summary
‣ We can get non-linear classifiers or regression methods 

by simply mapping examples into feature vectors non-
linearly, and applying a linear method on the resulting 
vectors 

‣ These feature vectors can be high dimensional, however 
‣ We can turn the linear methods into kernel methods by 

casting the computations in terms of inner products 
‣ A kernel function is simply an inner product between two 

feature vectors 
‣ Using kernels is advantageous when the inner products 

are faster to evaluate than using explicit vectors (e.g., 
when the vectors would be infinite dimensional!)




