Time Series Analysis: Statistical Models and Fitting



@ Statistical models
@ Time series regression
o Fitting statistical models

@ Forecasting



e Time series: collection of observations xi, ..., x, indexed by time
(fixed time intervals)

@ realizations of a collection of random variables Xi,..., X,



Recap

e Time series: collection of observations xi, ..., x, indexed by time
(fixed time intervals)

@ realizations of a collection of random variables Xi,..., X,

o Weakly stationary:
(1) mean, variance independent of t: ux(t) = u, varx(t) = varx
(2) autocovariance: yx(s,t) = v(|s — t|).
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Recap

e Time series: collection of observations xi, ..., x, indexed by time
(fixed time intervals)

@ realizations of a collection of random variables Xi,..., X,

o Weakly stationary:
(1) mean, variance independent of t: ux(t) = u, varx(t) = varx
(2) autocovariance: yx(s,t) = v(|s — t|).

e Autocovariance / Autocorrelation:

vx (s, t) = cov(Xs, Xt)

px(h) = vx(h)/vx(0) for —n<h<n

Stefanie Jegelka (and Caroline Uhler) 3/37



2.
wh

o {W;}+ uncorrelated, mean zero, same variance o



o {W;}; uncorrelated, mean zero, same variance o2:
p(t) = E[W] =0 Vt, cov(Ws, W) =0 s#t
@ often iid, e.g. Gaussian
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@ often iid, e.g. Gaussian

@ auto-covariance:



o {W;}; uncorrelated, mean zero, same variance o2:

p(t) = E[W] =0 Vt, cov(Ws, W) =0 s#t

@ often iid, e.g. Gaussian

@ auto-covariance:
2

s, t) =
s ) {0 otherwise.

depends only on |s — t|.



o {W;}; uncorrelated, mean zero, same variance o2:

p(t) = E[W] =0 Vt, cov(Ws, W) =0 s#t

@ often iid, e.g. Gaussian

@ auto-covariance:

2 .
oy ifs=t
s, t) =
(s, t) {0 otherwise.

depends only on |s — t|.

@ stationary



Models 1: White Noise

{W,}+ uncorrelated, mean zero, same variance 02

wu(t) = E[W] =0 Vt, cov(Ws, W) =0 s #t

@ often iid, e.g. Gaussian

@ auto-covariance:

2 .
oy ifs=t
s, t) =
(s, t) {O otherwise.

depends only on |s — t|.
@ stationary

@ checking for white noise: for white noise, p(h) is approximately A/(0, %)
under mild conditions.
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@ Autoregressive: X; = ¢1Xe—1 + @ Xeo + ... 9pXi—p + W;
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Models 2: Autoregressive AR(p)

@ Autoregressive: X; = ¢1Xe—1 + @ Xeo + ... 9pXi—p + W;

AR(1) ¢ =+.9

T T T T T T
o 20 40 60 80 100

AR(1) ¢ =-.9

6 -4 -2 0 2 4 6
/T R

source: R.H. Shumway, D.S. Stoffer. Time Series Analysis and its Applications, with Examples in R. Springer, 2011.
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Xe= 1 Xe—1+ G2 Xe o+ ... 0pXep + Wi

@ Can we model seasonality with this?
Ky = Fjundo® Wi

XL = Y&—\?_ +LJ~£
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Xe = o1 Xe—1+ @ Xeo+ ... GpXe—p + Wi

Xt = 1'5Xt—1 - 0'75Xt—2 + Wt
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Xe =1 Xe—1+ G2 X2+ ... 0pXep + Wi

@ autocorrelation decays exponentially (never zero)
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Xe = p1 Xe—1 + o Xeo + . .. gprt_p + W,

@ autocorrelation decays exponentially (never zero)
e stationary only under conditions (later)
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@ Random Walk:
Xe=Xe—1+ Wt
=X0+W1+...+Wt



@ Random Walk:
X = Xeo1 + Wi
=X0+W1+...+Wt

(assume Xy = 0 fixed)
o Random Walk with drift: X; =& + Xe_1 + We = t6 + Xo + >ty Ws



@ Random Walk:
Xe=Xe—1+ Wt
=X0+W1+...+Wt
—

(assume Xy = 0 fixed)
o Random Walk with drift: X; =& + Xe_1 + We = t6 + Xo + >ty Ws

° E[X] =X, tt &
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@ Random Walk:
X = Xeo1 + Wi
=X0+W1+...+Wt

(assume Xy = 0 fixed)
o Random Walk with drift: X; =& + Xe_1 + We = t6 + Xo + >ty Ws

e E[X:] =td + Xp
e without drift: var(X;) = to?2,



@ Random Walk:
X = Xeo1 + Wi
=X0+W1+...+Wt

(assume Xy = 0 fixed)
o Random Walk with drift: X; =& + Xe_1 + We = t6 + Xo + >ty Ws

e E[X:] =td + Xp
e without drift: var(X;) = to?2,



e Random Walk: X; = Xe_1 + W,

:()]59}0+W1++Wt
<

s +
Cov (XSI X{) = Cov (]Z-IN"’ ?__‘u\))
s &
=@ L 2 Cov (w;,wQ
N ;)v‘\

= mMin (S‘,’Q ) 62
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Random Walk: properties

@ Random Walk:
Xe = Xe—1+ W
:Xo—|—W1—|-...—|—Wt

(assume Xp = 0 fixed)
o Random Walk with drift: X; =& + Xe—1 + We = t6 + Xo + >ty Ws

o E[X] = t5 + Xo YAS F Ty

e without drift: var(X;) = to?, = \/\J_\c
e without drift: yx(s,t) = min{s, t}o?2,

@ not stationary, but VX, is stationary
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@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Time series regression

e Fitting statistical models

@ Forecasting



@ l/\)’k_\ \/\)_k l'\)_“.\,‘ * - -
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Models 4: Moving Average

white noise

o 100 200 300 400 500
Time

moving average
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Xe=We + 0 Wi1 + Wi o+ ...+ 0,Wi—g

o E[X{] =



Xe=We + 0 Wi1 + Wi o+ ...+ 0,Wi—g

o E[X] =0



Xe=We + 0 Wi1 + Wi o+ ...+ 0,Wi—g

o E[X] =0

@ autocovariance?



e Example: X; = %(Wt + Wi_1 + We»)



e Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) =



e Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) = %COV(Wt + Wt_]_ —+ Wt_2, Wt —+ Wt—l + Wt_2)



e Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) = %COV(Wt + Wt_]_ —+ Wt_2, Wt —+ Wt—l + Wt_2)

_ 32



e Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) = %COV(W{- + Wt—l + Wt_g, Wt + Wt—l -+ Wt_g)
_ 3 2

=97
cov(Xe, Xe—1) = %COV( Wi + W1+ Weo, Wt + We o + Wi 3)



e Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) = %COV(Wt + Wt_]_ —+ Wt_2, Wt + Wt—l + Wt_2)

_ 32

cov(Xe, Xe—1) = %COV( Wi + W1+ Weo, Wt + We o + Wi 3)

_22



@ Example: X; = %(Wt + Wi_1 + We»)

COV(Xt, Xt) = %COV(Wt + Wt_]_ —+ Wt_2, Wt + Wt—l + Wt—2)

_ 32

cov(Xe, Xe—1) = %COV( Wi + W1+ Weo, Wt + We o + Wi 3)

_22

cov( X, Xe—2)



Autocovariance for Moving Average MA(q)

o Example: X; = 3(W; + W1 + W,_2)

cov(Xz, Xt) = %COV( Wi + W1 + We o, Wi + W1 + Wi 2)

_ 32

cov(Xe, Xt—1) = éCOV( Wi+ We1 + Wio, We1 + Wi + We_3)

cov(Xz, Xi—2) = %COV( Wi + Wiy + Weo, Weo + Wiz + Wi_4)
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Autocovariance for Moving Average MA(q)

o Example: X; = 3(W; + W1 + W,_2)

cov(Xz, Xt) = %COV( Wi + W1 + We o, Wi + W1 + Wi 2)

_ 32

cov(Xe, Xe—1) = écov( Wi + Wig + Weo, Wiy + Wep + We_3)

_ 22

cov(Xz, Xi—2) = %COV( Wi + Wiy + Weo, Weo + Wiz + Wi_4)

_ 1.2
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Autocovariance for Moving Average MA(q)

o Example: X; = 3(W; + W1 + W,_2)

0 cov(Xe, X¢) =
( cov(Xt, Xi—1) =

’L COV Xtaxt 2)

O(::.Z

%COV( Wi + Wi1 + Weo, Wy + Weq + Wi 2)

3.2
90'

9 5 cov(We + Wiy + W, W1 + Wiz + Wi3)

3
9C0V(Wt‘|'Wt 1+ Wi, We o+ Wi 3+ Wi y)

1.2 w)
50

g cov(Xt, X¢—3) =0 ‘ h>%

y W
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Autocovariance for Moving Average MA(q)

o Example: X; = 3(W; + W1 + W,_2)

cov(Xz, Xt) = %COV( Wi + W1 + We o, Wi + W1 + Wi 2)

_ 32

cov(Xe, Xe—1) = écov( Wi + Wig + Weo, Wiy + Wep + We_3)

_ 2.2
=350

cov(Xz, Xi—2) = %COV( Wi + Wiy + Weo, Weo + Wiz + Wi_4)
12

COV(Xt, Xt73) =0

@ autocovariance v depends only on |s — t]
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Autocovariance for Moving Average MA(q)

o Example: X; = 3(W; + W1 + W,_2)

cov(Xz, Xt) = %COV( Wi + W1 + We o, Wi + W1 + Wi 2)
cov(Xe, Xt—1) = éCOV( Wi+ We1 + Wio, We1 + Wi + We_3)
cov(Xz, Xi—2) = %COV( Wi + Wiy + Weo, Weo + Wiz + Wi_4)

_ 1,2
-9

COV(Xt, Xt73) =0

@ autocovariance v depends only on |s — t]
o reflects order: (s, t) =0if |[s—t| > g

I~
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Xe =W +0Weg + Wi o+ ...+ 0 Wi_g
] ]E[Xt] =0
@ autocovariance y depends only on |s — t| = stationary

o ACF reflects order: y(s,t) =0if [s—t| > q
o ACF distinguishes MA and AR models!



?TATT THTﬁ gT& L ;,TJT TTAT? 1 1 17 17
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o Autoregressive: X; = ¢1Xi—1+ ¢ Xe o+ ... 9pXe_p + W,
e Moving Average: X; = W;+ 0 W1 +0We o+ ...+ 04Wi_g



Models 5: ARMA

@ Autoregressive: X; = ¢1Xe—1 + @ Xeo+ ... 9pXe—p + W;
@ Moving Average: X;= W;+01Wi_1 +0oWi o+ ... +0,Wi_g

e ARMA(p,q): autoregressive moving average:

Xe =01 Xe—1+ G2 Xe 2+ ... PpXe—p
+ W +00Weq + 0 We o+ ...+ Gth,q
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Models 5: ARMA

Autoregressive: X; = ¢1Xe—1 + o Xe—o + ... ¢pXi—p + Wi
Moving Average: X; = W; +0iWi1 + bW o+ ... +0,Wig

ARMA(p,q): autoregressive moving average:

Xe =01 Xe—1+ G2 Xe 2+ ... PpXe—p
+ W +00Weq + 0 We o+ ...+ Gth,q

ARIMA: ARMA after differencing

Stefanie Jegelka (and Caroline Uhler) 19 / 37



@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Time series regression

e Fitting statistical models

@ Forecasting



@ critical: linearity, stationarity, homogeneity of variances over time

o model: X; = 1z, + fozey + ...+ We =Bz + W,



@ critical: linearity, stationarity, homogeneity of variances over time
o model: X; = 1z, + fozey + ...+ We =Bz + W,

o Ex. 1: linear trend: X; = B1 + Bot + W4



@ critical: linearity, stationarity, homogeneity of variances over time
o model: X; = 1z, + fozey + ...+ We =Bz + W,

o Ex. 1: linear trend: X; = B1 + Bot + W4
e Ex. 2: AR(2) model: X; = ¢1Xi—1 + ¢2Xe—2 + Wt



Regression & Time Series

critical: linearity, stationarity, homogeneity of variances over time

model: X; = Bz, + foze, + ...+ W; = 5T2t + W;

Ex. 1: linear trend: X; = 81 + Bt + W,
Ex. 2: AR(2) model: X; = ¢1Xe—1 + ¢ Xe—o + W,
Ex. 3: external regressors: X; = 51Xi—1+ PBaYr + W,
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Regression & Time Series

critical: linearity, stationarity, homogeneity of variances over time

model: X; = Bz, + foze, + ...+ W; = 5T2t + W;

Ex. 1: linear trend: X; = 81 + Bt + W,
Ex. 2: AR(2) model: X; = ¢1Xe—1 + ¢ Xe—o + W,
Ex. 3: external regressors: X; = 51Xi—1+ PBaYr + W,

least squares estimate: ming >_,(x; — 8" z)?

n

%t
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Regression & Time Series

@ critical: linearity, stationarity, homogeneity of variances over time
o model: X; = B1zy + fozey + ... + We =Bz + W,

o Ex. 1: linear trend: X; = 1 + ot + W,
e Ex. 2: AR(2) model: X; = ¢p1Xi—1 + ¢2Xi—2 + W,
o Ex. 3: external regressors: Xy = 1 Xi—1+ Bo Y + Wi

o least squares estimate: ming 3", (x: — 3" z:)?

o Careful: errors may be correlated over time!
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Regression & Time Series

@ critical: linearity, stationarity, homogeneity of variances over time
o model: X; = B1zy + fozey + ... + We =Bz + W,

o Ex. 1: linear trend: X; = 1 + ot + W,
e Ex. 2: AR(2) model: X; = ¢p1Xi—1 + ¢2Xi—2 + W,
o Ex. 3: external regressors: Xy = 1 Xi—1+ Bo Y + Wi

o least squares estimate: ming 3, (x; — B z;)?

o Careful: errors may be correlated over time!

Remark: could also use nonlinearities.
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Regression & Time Series

@ critical: linearity, stationarity, homogeneity of variances over time
o model: X; = B1zy + fozey + ... + We =Bz + W,

o Ex. 1: linear trend: X; = 1 + ot + W,
e Ex. 2: AR(2) model: X; = ¢p1Xi—1 + ¢2Xi—2 + W,
o Ex. 3: external regressors: Xy = 1 Xi—1+ Bo Y + Wi

o least squares estimate: ming 3", (x: — 3" z:)?

o Careful: errors may be correlated over time!
@ Remark: could also use nonlinearities.

@ Which external variables? Order of the model?
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Use ACF to determine fit: should look like white noise.
Also PACF (coming soon).



Use ACF to determine fit: should look like white noise.
Also PACF (coming soon).

Example: X; = T; + Y, sum of

o linear trend: T; =50+ 3t
e AR(1) model: Y; =0.8Y¢_1 + W;, ow = 20.



Autocorrelation (ACF) as a diagnostic tool

Use ACF to determine fit: should look like white noise.
Also PACF (coming soon).

Example: X; = T; + Y, sum of

o linear trend: T; =50+ 3t
e AR(1) model: Y; =0.8Y¢_1 + W;, ow = 20. /N

Y X

X

100 200 300 400

0 20 40 60 80 100
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Autocorrelation (ACF) as a diagnostic tool

Use ACF to determine fit: should look like white noise.
Also PACF (coming soon).

Example: X; = T; + Y, sum of

o linear trend: T; =50+ 3t
e AR(1) model: Y; =0.8Y¢_1 + W;, ow = 20.

X
1
ACF

L1 11

100 200 300 400

'
'
'
'
'
'
.
—
i
-
—

-02 02 06 1.0

0 20 40 60 80 100 0 5 10 15 20

left: series; right: autocorrelation of residuals after fitting only a linear trend.
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Southern Oscillation Index Recruitment
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Example: external regressors - fish and SOI

Southern Oscillation Index Recruitment

0 20 40 60 80 100

-10 05 00 05 10
I

1950 1960 1970 1080 1950 1960 1970 1980
o 2 series: {X¢}f_1,{Ys}0 .

e Cross-covariance:  yxy(t,s) = cov(X, Ys)
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Example: external regressors - fish and SOI

Southern Oscillation Index Recruitment
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1950 1960 1970 1080 1950 1960 1970 1980
o 2 series: {X¢}f_1,{Ys}0 .

e Cross-covariance:  yxy(t,s) = cov(X, Ys)
@ 2nd-order stationary: Cross-cov only a function of the lag h:

cov(Xetn, Yi) = yxy(h)
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Example: external regressors - fish and SOI

Southern Oscillation Index Recruitment

0 20 40 60 80 100
I T O Y B

-10 05 00 05 10
I

1950 1980 1970 1080 1950 1960 1970 1980
o 2 series: {X¢}f_1,{Ys}0 .

e Cross-covariance:  yxy(t,s) = cov(X, Ys)
@ 2nd-order stationary: Cross-cov only a function of the lag h:
cov(Xeth, Ye) = yxy(h)

n—h

e Estimation:  Axy(h) = % t—1 (Xtah — X)(ye — ¥)
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Example: external regressors - fish and SOI

Southern Oscillation Index Recruitment

0 20 40 60 80 100

-10 05 00 05 10
I

1950 1980 1970 1080 1950 1960 1970 1980
o 2 series: {X¢}f_1,{Ys}0 .

e Cross-covariance:  yxy(t,s) = cov(X, Ys)
@ 2nd-order stationary: Cross-cov only a function of the lag h:
cov(Xegn, Ye) = xy(h)

e Estimation:  Axy(h) = % Q;f(xt+h —X)(yt — ¥)
. _ — xv(h)
e Cross-correlation (CCF): pxy(h) = 27>
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Southern Oscillation Index
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Example: fish and SOI

Southern Oscillation Index

z’:,h:‘::.:ﬁ;:H:lil,t;;i':lil:t“!)::,:r”i;:,‘:lilihiiﬁili.:i%”: Cross-covariance:
3 . ; I ‘ I : —cov(Xeyn, Yi) = vxv(h)

Recruitment

: CCF pxy(h) peaks negatively at
: j “|||H ——————————————————————————————————————— H- h=-6
g_———————r——m—'———tl|H—|—|—t——%—'———'—LW"——'{I'— ——————— ',t,,‘, (SOl X; 6 months before).

SOl vs Recruitment

ceF
2
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Example: fish and SOI

ACF

ACF

ceF

02

Southern Oscillation Index
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SOl vs Recruitment

Stefanie Jegelka (and Caroline Uhler)

Cross-covariance:

cov(Xeyn, Ye) = yxy (h)

CCF pxy(h) peaks negatively at
h= -6

(SOI' X; 6 months before).

Possible regression model:
Yi = p1+ BeXe6 + Wi
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@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Time series regression

o Fitting statistical models

@ Forecasting



@ transform to make it stationary

e log-transform
e remove trends / seasonality
o differentiate successively

@ check for white noise (ACF)



@ transform to make it stationary

e log-transform
e remove trends / seasonality
o differentiate successively

@ check for white noise (ACF)

© if stationary: plot autocorrelation.



Fitting a time series: Overview

@ transform to make it stationary

e log-transform
e remove trends / seasonality
o differentiate successively

@ check for white noise (ACF)

© if stationary: plot autocorrelation.
If finite lag, fit MA (ACF gives order), otherwise AR.
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Fitting a time series: Overview

@ transform to make it stationary

e log-transform
e remove trends / seasonality
o differentiate successively

@ check for white noise (ACF)

© if stationary: plot autocorrelation.
If finite lag, fit MA (ACF gives order), otherwise AR.

Fitting AR(p):
© compute PACF to get order

@ estimate coefficients ¢, and noise variance o2, via Yule-Walker
equations

© compute residuals, test for white noise
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Fitting MA(q):
@ compute ACF to get order

@ estimate coefficients via maximum likelihood (won't cover, see
Shumway & Stoffer Ch. 3)

© compute residuals, test for white noise



Fitting a time series: Overview

Fitting MA(q):
@ compute ACF to get order

@ estimate coefficients via maximum likelihood (won't cover, see
Shumway & Stoffer Ch. 3)

© compute residuals, test for white noise

Fitting ARMA(p,q):
© attempt to fit an AR model, compute residuals
@ attempt to fit an MA model to residuals (or orig. data)

@ fit ARMA(p,q) using p, g determined in Steps 1,2 (max. likelihood)
(won't cover, see Shumway & Stoffer)

@ compute residuals, test for white noise
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@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Time series regression

o Fitting statistical models

@ Forecasting



Xt - ¢1Xt_1 + ¢2Xt_2 + ... ¢pXt—p + Wt

. N Ao
Estimate parameters ¢1,...,¢,, 5,7



Xt - ¢1Xt_1 + ¢2Xt_2 + ... ¢pXt—p + Wt
Estimate parameters ¢, ..., b,, 52,7

Yule-Walker equations: method of moments



Parameter Estimation for stationary AR(p)

Xe = ¢1Xe1+ @ Xe o+ ... PpXe—p + Wi
Estimate parameters ¢, ..., ¢p, 527

Yule-Walker equations: method of moments

@ Step 1: estimate autocovariances 4(h) for h=10,1,2,... from
averages.

Stefanie Jegelka (and Caroline Uhler) 29 / 37



Parameter Estimation for stationary AR(p)

Xe = ¢1Xe1+ @ Xe o+ ... PpXe—p + Wi
Estimate parameters ¢, ..., ¢p, 527

Yule-Walker equations: method of moments

@ Step 1: estimate autocovariances 4(h) for h=10,1,2,... from
averages.

@ Step 2: solve system of linear equations: for h=1,...,p:

v(h) = ¢1y(h—1) + ¢oy(h = 2) + ... + ¢py(h — p)

use estimates of y(h).
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Parameter Estimation for stationary AR(p)

Xe = ¢1Xe1+ @ Xe o+ ... PpXe—p + Wi
Estimate parameters ¢, ..., ¢p, 527

Yule-Walker equations: method of moments

@ Step 1: estimate autocovariances 4(h) for h=10,1,2,... from
averages.

@ Step 2: solve system of linear equations: for h=1,...,p:

v(h) = ¢1y(h—1) + ¢oy(h = 2) + ... + ¢py(h — p)

og, =7(0) = p17(1) = 2v(2) — ... — $pY(p)

use estimates of y(h).
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@ p x p covariance matrix I, with (i,)th entry (i — )
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@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"



@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"

v(h) = ¢1y(h = 1) + ¢2v(h=2) + ... + ¢py(h — p)



@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"

v(h) = d1y(h = 1)+ ¢oy(h=2) + ... + ¢py(h — p)

7p = rpd)



@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"

v(h) = d1y(h = 1)+ ¢oy(h=2) + ... + ¢py(h — p)

7p = rp¢ < d) - r;17p



@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"

v(h) = ¢1y(h = 1) + ¢2v(h = 2) + ... + dpy(h = p)
7p = rpd) < d) = r;17p¢’

=7(0) = ¢1v(1) — $27(2) — ... — Pp¥(P) = \0\

- %
’;5“\ —iﬁ; ;/
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@ p x p covariance matrix I, with (i,)th entry (i — )
o vector v, = [(1),7(2), .., 7(p)]"

v(h) = ¢17(h —1) + ¢oy(h = 2) + ... + ¢py(h — p)
To=Tpp = &= r;17p

o5, =7(0) = ¢17(1) — $2v(2) — ... — p¥(p)
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Least squares regression with AR(p)

@ assume px = 0, and predict X; as:
Xe = d1Xe1 + o Xe—o + ...+ Qgpxt—p

e find ¢, to minimize E[(X; — X;)3].



Where do Yule-Walker equations come from?

Least squares regression with AR(p)

@ assume px = 0, and predict X; as:
)A<t = $1Xt—1 + §g2Xt—2 + ...+ Qngt—p

e find ¢, to minimize E[(X; — X;)3].

e Prediction equations: the best linear unbiased estimator (least
squares estimator) satisfies
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Where do Yule-Walker equations come from?

Least squares regression with AR(p)

@ assume px = 0, and predict X; as:
)A<t = $1Xt—1 + §g2Xt—2 + ...+ Qngt—p

e find ¢, to minimize E[(X; — X;)3].

e Prediction equations: the best linear unbiased estimator (least
squares estimator) satisfies

E[(X; — X:)] =0
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Where do Yule-Walker equations come from?

Least squares regression with AR(p)

@ assume px = 0, and predict X; as:
)A<t = élxt—l + ¢A52Xt—2 + ...+ Qngt—p
e find ¢, to minimize E[(X; — X;)3].

e Prediction equations: the best linear unbiased estimator (least
squares estimator) satisfies

E[(X; — X:)] =0

E[(X: — Xe)Xe—x] =0for k=1,...,p
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Where do Yule-Walker equations come from?

Least squares regression with AR(p)

@ assume px = 0, and predict X; as:
Xe = o1 Xeo1+ daXeea + o+ 0pXep
e find ¢, to minimize E[(X; — X;)3].
e Prediction equations: the best linear unbiased estimator (least
squares estimator) satisfies
E[(Re — X;)] = 0

E[(X: — Xe)Xe—x] =0for k=1,...,p

@ Now plug in )A(t = ¢A51Xt—1 + (;ASQXt_g +...+ qASpXt_p.
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e Equations: E[(X; — X;)X,_x]=0 fork=1,...,p



e Equations: E[()A(t — Xe)Xe—k]=0 fork=1,...,p

o Example: )?t = ¢A51Xt_1 + $2Xt_2 and k=2 (P::l_
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Pencil


e Equations: E[()A(t — Xe)Xe—k]=0 fork=1,...,p

o Example: X_t = ¢A51Xt_1 + $2Xt_2 and k=2

—_—

E[(X; — X;)Xe2] =0


mitx
Pencil


e Equations: E[()A(t — Xe)Xe—k]=0 fork=1,...,p

o Example: )?t = ¢A51Xt_1 + <;A52Xt_2 and k=2

E[(X; — X;)Xe2] =0

At E[(nglxt—l + G2 X2 — Xe)Xe 2] =0



Where do Yule-Walker equations come from? Example
e Equations: E[(X; — X;)X;_x]=0 fork=1,...,p
o Example: X; = d1X;_1 + ¢poXe_p and k =2
E[(Xe — Xe)Xe—2] =0
& E[(d1Xe1 + @2 Xeo — Xe)Xe 2] =0

& Edi1Xe 1 Xe o +EdoXeoXe o —EXeXe 2 =0
by +hyo -y@ <o
= y(2)= q;lx(g )+ d) (z-2)
()= Gylh + GythD P2
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@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Time series regression

e Fitting statistical models

@ Forecasting



o predict X, based on observed x,, xp—1, -..X1.

e estimate coefficients &1, . . ., ($p and plug in
L p i &3 X
X"‘-I\ = (Dl)in + q)l)(i_‘ r T OpXnp
n oA " o
Fnir = @ Ko + Brvmt - PoFn-piz

Yy


mitx
Pencil


o predict X, based on observed x,, xp—1, -..X1.

e estimate coefficients &1, . . ., qAﬁp and plug in

o l-step ahead: X, 1jp = P1Xn + P2Xp—1 + ... PpXn—p+1



o predict X, based on observed x,, xp—1, -..X1.

e estimate coefficients &1, . . ., ($p and plug in

o l-step ahead: X, 1jp = P1Xn + P2Xp—1 + ... PpXn—p+1

o 2-step ahead: X, op = P1Xp41)n + P2Xn + - - - PpXn—pt2



Forecasting with AR(p)

predict X,4m based on observed x,, xp—1, ... x1.

@ estimate coefficients qgl, .. ,ggp and plug in

@ 1-step ahead: )?,,+1|,, = 01Xp + P2Xp—1 + ... PpXn—p+1

@ 2-step ahead: X, on = P1Xpq1jn + P2Xn + - - - OpXn—p+2
e general: Xpim = P1Xntm—1 + P2Xntm—2 + ... PpXntm—p

where we use x; instead of X; if x; is available.

® always a linear combination of last p observations xp, ..., Xp—p+1
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Forecasting with AR(p)

o predict X, based on observed x,, xp—1, -..X1.

@ estimate coefficients qZA)l, .. ,ggp and plug in

@ 1-step ahead: )?,,+1|,, = 01Xp + P2Xp—1 + ... PpXn—p+1

o 2-step ahead: X, op = P1Xp41)n + P2Xn + - - - PpXn—pt2

@ general: X1 m = P1Xpym—1+ @2Xnim—2 + ... ¢pxn+m—p
where we use x; instead of X; if x; is available.
® always a linear combination of last p observations xp, ..., Xp—p+1

e Caution: only for short horizons m. For long horizons, converges to
mean.
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® X,+m is always a linear combination of last p observations
Xny« -+ Xn—p+1

Caution: Fine for short term, but converges to mean for long horizons
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@ Statistical models
White noise
Autoregressive and Random Walk

Moving Average
ARMA



@ Statistical models

White noise

e Autoregressive and Random Walk
e Moving Average

o ARMA

@ Autocorrelation to determine fit, model order, variables to include



Summary: statistical models and fitting

@ Statistical models

White noise

Autoregressive and Random Walk
Moving Average

ARMA

@ Autocorrelation to determine fit, model order, variables to include
e Fitting AR(p): Yule-Walker equations
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Summary: statistical models and fitting

@ Statistical models

White noise

Autoregressive and Random Walk
Moving Average

ARMA

Autocorrelation to determine fit, model order, variables to include
Fitting AR(p): Yule-Walker equations

Forecasting: mostly for short-term
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