Spatial and Environmental Data:
Gaussian Processes
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Sensing and correlations in space

= .
W TEMPERATURE OUTLOOK % 2
NEXT 6-10 DAYS e

@ Model correlations in space?

@ Intuition: correlation is a function of distance

@ ldea: model as a collection of dependent Gaussian random variables.
Covariance is a function of distance via kernel function.
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@ Prediction and the kernel function
@ Gaussian Processes and the kernel function
o Effect of the kernel function

o Effect of measurement noise and nonstationarity
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v N (y)*,%)

Hx|1:N = Mo + zNl(yl:N - Ml:N)

2 _ 2 -1
Ogl:N = T — Xy
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Correlations in space
@ model measurements Y; at locations x; as Gaussian, 1 < i< N

@ covariance is a function of locations: kernel function,
e.g. RBF (squared exponential) kernel:

o — 2
cov(Y;, Y)) = k(xi, x;) = exp ( - |'2€21H)

@ covariance: Yy =

cov(Yy, Y1) ... cov(Yy, Yn)
cov(Ya, Y1) :
cov(Yn, Y1) ... cov(Yn, Yn)
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@ covariance: Yy =
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Correlations in space
@ model measurements Y; at locations x; as Gaussian, 1 < i< N

@ covariance is a function of locations: kernel function,
e.g. RBF (squared exponential) kernel:

o — 2
cov(Y;, Y)) = k(xi, x;) = exp ( - ”I%zJH)

@ covariance: Yy =

COV(Y17Y1) COV(Yl, YN) k(XhX]_) k(Xl,Xz) k(Xl,XN)
cov(Ya, Y1) ... : _ k(x2,x1)  k(x2,x2)
COV(YN, Yl) COV(Y/\/7 YN) k(XN,Xl) k(XN,XN)

o Now we can get a prediction \A/* for any location x,!
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@ build kernel matrix Ky of N observations
e for any new point x,: compute k| — [k(x.,x1), l&)w)]

and predict C°\'()’ )
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Prediction with Gaussian Processes (Kriging)

@ build kernel matrix Ky of N observations

e for any new point x,: compute k., = [k(x.,x1). ... k(x., xpy)]
and predict A
— kK _ < ‘?("%)
Hs1:N = Hx + K. Ky (J/1:N ,ul:N)
ofun = 0% =k Kytk. <
~
. 1N
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@ build kernel matrix Ky of N observations

e for any new point x,: compute k.| — [k(x..x1), ... k(x., xy)]
and predict

[y = b+ KKyt (vew — pieen)
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@ build kernel matrix Ky of N observations
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y(x)

@ build kernel matrix Ky of N observations

e for any new point x,: compute k.| — [k(x..x1), ... k(x., xy)]
and predict

[y = b+ KKyt (vew — pieen)

2 2 T—1
U*|1:N =0y — ki KN ki

y(x)

y(x)
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Source: Krause, Singh, Guestrin. Near-Optimal Sensor Placements in Gaussian Processes: Theory, Efficient Algorithms and
Empirical Studies. JMLR, 2008.



Example
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(a) Temperature prediction using GP (b) Variance of temperature prediction

Source: Krause, Singh, Guestrin. Near-Optimal Sensor Placements in Gaussian Processes: Theory, Efficient Algorithms and

Empirical Studies. JMLR, 2008.
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Pe=1f(x) = e kI Kylviw

assume =0

N
- >
i=1

linear combination of N observed values
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Po=F(x) = pe Ak Kylyew
~

assume =0

N
*
i=1

linear combination of N observed values

= kl—\II—K/VIyl:N

N
= Z (X, Xi) i
i=1

linear combination of N nonlinear features

same q;s for all predictions



@ Prediction and the kernel function
@ Gaussian Processes and the kernel function
o Effect of the kernel function

o Effect of measurement noise and nonstationarity
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The role of the covariance kernel cov(Y;, Y;) = k(xi, x;)

o Why use a kernel function?

e Prediction for any x,: a function
e Compactly implements our prior assumptions on correlation structure

e What is the effect of k(x;, x;)?
o determines “shape” of the predicted function (examples soon)

@ Can | use any function as k(x;, x;)?

e Must yield a valid covariance matrix: symmetric & positive
semidefinite/ inner product matrix (examples soon).

CO“(Y;)&-%&O\;(‘\G,Y{) k\y,-,yj)tk(ﬁ,x;)
¥4} ax; O
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@ express covariance by covariance function*

cov(yi, y;) = k(xi,x;)

e.g., a function of x; — x;

e this generalizes to all points in our space: function f(x).



Covariance function and Gaussian Processes

@ express covariance by covariance function®
cov(yi, yj) = k(xi, xj)

e.g., a function of x; — x;

e this generalizes to all points in our space: function f(x).

A Gaussian Process (GP) is a collection of random variables, any
finite number of which are Gaussian.
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Covariance function and Gaussian Processes

@ express covariance by covariance function®
cov(yi, yj) = k(xi, xj)

e.g., a function of x; — x;

e this generalizes to all points in our space: function f(x).

A Gaussian Process (GP) is a collection of random variables, any
finite number of which are Gaussian.

@ GP is fully specified by mean and covariance functions

m(x) = pux = E[f(x)] k(x,x") = cov(f(x), f(x')).

Stefanie Jegelka (and Caroline Uhler) 11 /28



Recall: 50 Gaussian random variables
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@ Prediction and the kernel function
@ Gaussian Processes and the kernel function
o Effect of the kernel function

o Effect of measurement noise and nonstationarity



RBF kernel: Effect of kernel bandwidth on the prediction
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RBF kernel: Effect of kernel bandwidth on the prediction

[1xi — 2

k(xi,x;) = exp <— 7

length=0.3, tau=0.1 length=1.0, tau=0.1
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RBF kernel: Effect of kernel bandwidth on the prediction

X = X[l

k(xi,x;) = exp < 7

length=0.3, tau=0.1 length=1.0, tau=0.1

o
d & A M o v & o

kernel function determines shape of interpolation:
larger bandwidth =- smoother function
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Example: k(x,x") = exp(— (M) )
(Gamma-exponential kernel)
What happens as we vary ~7



Sharpness of the covariance function

SN\
Example: k(x,x") = exp(— (M) )
(Gamma-exponential kernel)
What happens as we vary ~7
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linear kernel quadratic kernel
k(x,x") = (x,x) k(x,x") = ({(x,x') +1)?

linear kernel, tau=0.1
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linear kernel
k(x,x") = (x,x")

linear kernel, tau=0.1

quadratic kernel
k(x,x") = ({(x,x') +1)?

quadratic kernel, tau=0.1

+




Kernel by David MacKay:

k(x,x") = exp (_2sin2(7r(2);2— X')/P))



Periodic kernel

Kernel by David MacKay:

2sin?(m(x — x')/p)

k(x,x") =exp | —

202
2( - 2 -
Prediction Prediction
—Ground truth —Ground truth
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a) Gaussian kernel. b) Periodic kernel.
(a) e (b)

Plot uses a come advanced variation of this kernel.
Image source: Ghassemi & Deisenroth, Analytic Long-Term Forecasting with Periodic Gaussian Processes. AISTATS 2014.
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@ A sum of kernel functions is a kernel function:
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@ A sum of kernel functions is a kernel function:

k(x,x") = ky(x,x") + ka(x, x").

Images: Kernel cookbook, https: //www. cs. toronto. edu/ ~duvenaud/ cookbook/
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k(x,x") = ky(x,x") + ka(x, x").
e eg. klinear + kperiodic
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Building more covariance functions

@ A sum of kernel functions is a kernel function:

k(x,x") = ki(x,x") + ka(x, x").

@ eg. klinear + kperiodic

@ A product of kernel functions is a kernel function:
k(x,x") = ki(x,x") - ka(x,x")

° klinear . kperiodic

® KRrBF  Kperiodic

e splitting coordinates:
k((x1, %2, t), (x{, X3, t'))

Images: Kernel cookbook, https: //www. cs. toronto. edu/ ~duvenaud/ cookbook/
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Building more covariance functions

@ A sum of kernel functions is a kernel function:
k(x,x") = ki(x,x") + ka(x, x").
@ eg. klinear + kperiodic

@ A product of kernel functions is a kernel function:
k(x,x") = ki(x,x") - ka(x,x")

° klinear . kperiodic

® KRrBF  Kperiodic

e splitting coordinates:
k((Xla X2, t), (X{, Xéa t/)) = kspace((X17X2)7 (X{, Xé)) : ktime(t7 t/)

Images: Kernel cookbook, https: //www. cs. toronto. edu/ ~duvenaud/ cookbook/
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@ Prediction and the kernel function
@ Gaussian Processes and the kernel function
o Effect of the kernel function

o Effect of measurement noise and nonstationarity



@ covariance function expresses our assumptions on smoothness / shape
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e positive semidefinite



Summary: covariance functions

@ covariance function expresses our assumptions on smoothness / shape
of f

@ k(x,x") needs to be

e symmetric
e positive semidefinite

@ more examples of valid covariance functions:

e many other examples: Chapter 4 in Rasmussen & Williams
e any function such that k(x, x’) is an inner product

Stefanie Jegelka (and Caroline Uhler) 20 / 28



Summary: covariance functions

@ covariance function expresses our assumptions on smoothness / shape
of f

@ k(x,x") needs to be

e symmetric
e positive semidefinite

@ more examples of valid covariance functions:

e many other examples: Chapter 4 in Rasmussen & Williams
e any function such that k(x, x’) is an inner product

e stationary: k(x,x’) is a function of x — x’

e isotropic: k(x,x’) is a function of |[x — x|
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Nonstationary kernels

Example: k(x,x") = exp(—|| log(0. —log(0.1 + x)||?)

» %(x <) = kpge (06 ¢(x>)

><+O

{ dist (D (x,), CWXZ)) >
_. AisH (), D)

‘ 9 = (YY) £ cov (2 Y4 )

A B Yy
\//\! W

=
>

0 -~
——> Smoodhor
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Example: k(x,x') = exp(—||log(0.1 + x) — log(0.1 + x')||?)

covariance matrix

6
5
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3 150
2
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0 10 0 5 10 50 100 150 200
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Noisy observations

I'4

@ observed points: y; = f(x;) +¢;, € ~ N(0,72)
noise independent across locations
how does noise affect variance / covariance?

' ]
o7, 1= e gHei 1+ ) 1
con (g )+ cov(€irY

k("}/{(j) + (O £ ‘*’J

2 f =)
-

h

1

<

22 / 28

Stefanie Jegelka (and Caroline Uhler)


mitx
Pencil


e observed points: y; = f(x;) +¢;, € ~N(0,72)
noise independent across locations

how does noise affect variance / covariance?

@ new covariance matrix of observed y;, ..., yn: Ky+721
add 72 on diagonal



Noisy observations

@ observed points: y; = f(x;) +¢;, € ~ N(0,72)
noise independent across locations

how does noise affect variance / covariance?

@ new covariance matrix of observed y;, ..., yn: Ky+7°1
add 72 on diagonal

@ predicted mean and variance (m(x) = 0):
papn =0 + k. (Kn +721) 'y
Uf\l:N =k (X, X)) — k. (K +721) 71k

&
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Influence of noise 7 and kernel bandwidth (RBF kernel)

length=0.3, tau=0.8 \ length=1.0, tau=0.8 \ length=10.0, tau=0.8

\ length=0.3, tau=0.1 . length=1.0, tau=0.1 \ length=10.0, tau=0.1
4 2 +

2
2 0

0 0 2 *

2 2 -4
4 5 + \+

-4
6 -8

6 -8 -10

0 5 10 15 0 5 10 15 0 5 10 15
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Examples: k(x,x") = (x,x’)

(linear kernel)

linear kernel, tau=0.8

k(x, x') = ({x,x') + 1)
(quadratic kernel)

quadratic kernel, tau=0.8

4 5
0 -5
i
-2 -10
+
" -15
5 20
0 5 10 15 0 5 10 15
A linear kernel, tau=0.1 5 quadratic kernel, tau=0.1
+
1 +
0 +
0
+
- - -5
-2
-10
-3 +
" -15
0 5 10 15 0 5 10 1



o flexible, nonlinear regression method

@ kernel determines what kind of function we fit



General comments on Gaussian Processes

o flexible, nonlinear regression method
@ kernel determines what kind of function we fit

@ applicable far beyond spatial models — many settings of nonlinear
regression (including time series)
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General comments on Gaussian Processes

o flexible, nonlinear regression method
@ kernel determines what kind of function we fit

@ applicable far beyond spatial models — many settings of nonlinear
regression (including time series)

@ predicted variance: uncertainty. Can help guide sensor placement,
measurement selection, “Bayesian Optimization”

(e.g.: Krause, Singh, Guestrin. Near-Optimal Sensor Placements in Gaussian Processes:

Theory, Efficient Algorithms and Empirical Studies. JMLR, 2008.)
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length=0.3, tau=0.1 . length=1.0, tau=0.1 . length=10.0, tau=0.1

4 2 +
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Summary

@ Prediction with Gaussian Processes: closed form to obtain Gaussian
distribution for each function value

o Kernel function playes a key role in implementing our assumptions on
shape and smoothness

Measurement noise: larger variance, dampens influence of data

Final question: how select the kernel?
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o C. E. Rasmussen & C. K. |. Williams. Gaussian Processes for Machine
Learning, 2006. Chapter 4, 5.4.

@ D. Duvenaud. Kernel Cookbook.
https://www.cs.toronto.edu/~duvenaud/cookbook/


https://www.cs.toronto.edu/~duvenaud/cookbook/



