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N
HP Printer Case

Background

e In 1993, the ink-jet printer market was taking off explosively, and
manufacturers were competing intensively for market share.

e Manufacturers could sell all they could produce. Demand was
much greater than production capacity.

e Hewlett Packard was designing and producing its printers in
Vancouver, Washington (near Portland, Oregon).
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HP Printer Case

HP’s needs

Maintain quality.

Meet increased demand and increase market share.

* Target: 300,000 printers/month.

* Capacity with existing manual assembly: 200,000 printers/month.

Meet profit and revenue targets.

Keep employment stable.
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HP Printer Case

Printer Production

HP invested $25,000,000 in “Eclipse,” a new system for automated

assembly of the print engine.

Mechanism
Raw | Assembly
Materials |~ | cCell

(Eclipse)

Buffer

Final Packaging

| Assembly [—®& Shipping

Two Eclipses were installed.
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HP Printer Case

Printer Production

Original System @ -
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Design philosophy: minimal — essentially zero — buffer space.

Images from "Hewlett-Packard Uses Operai

mprove the Design of a Printer Production Line," Interfaces, Volume 28, Number 1, January-February, 1998. pp. 24-26; (c) Copyright 2018 INFORMS. All Rights Reserved.
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HP Printer Case

The Problem

1

e Machine efficiencies™ were estimated to be about .99.

e Operation times were estimated to be 9 seconds, and constant.

* Consequently, the total production rate was estimated to be about
370,000 units/month.

e BUT data was collected when the first two machines were installed:

* Efficiency was less than .99.

* Operation times were variable, often greater than 9 seconds.

Actual production rate would be about 125,000 units/month.

! (to be defined)
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HP Printer Case

The Problem

e HP tried to analyze the system by simulation. They consulted a
vendor, but the project appeared to be too large and complex to
produce useful results in time to affect the system design.

* This was because they tried to include too much detail.

e Infeasible changes: adding labor, redesigning machines.
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HP Printer Case

The Solution

e Feasible change: visiting researcher proposed adding a small
amount of buffer space within Eclipse.

co—buffer limit

0-buffer limit

e Design and analysis tools: described in the second part of this
course.
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HP Printer Case

The Solution

BBRRE 00000

Empty pallet buffer.

e WIP (work in process) space between subassembly lines and main line.

WIP space on main line.

Buffer sizes were large enough to hold about 30 minutes worth of material.
This is a small multiple of the mean time to repair (MTTR) of the machines.

Images from "Hewlett-Packard Uses Operations Research to Improve the Design of  Printer Production Line Interfaces, Volume 28, Number 1, January-February, 1998, pp. 24-26; (c) Copyright 2018 INFORMS. All Rights Reserved.
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HP Printer Case

Comparison
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Images from "Hewlett-Packard Uses Operations Research to Improve the Design of  Printer Production Line Interfaces, Volume 28, Number 1, January-February, 1998, pp. 24-26; (c) Copyright 2018 INFORMS. All Rights Reserved.
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HP Printer Case

Consequences

Increased factory capacity — to over 250,000 units/month.

Capital cost of changes was about $1,400,000.

Incremental revenues of about $280,000,000.

Labor productivity increased by about 50%.
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HP Printer Case

Reasons for Success

Early intervention (before too much of the system was built).

Rapid response by visiting researcher was possible because much
research work had already been done.

HP managers' flexibility.

The new analysis tool was fast, easy to use, and was at the right
level of detail.

* It only dealt with important features of the system.

* It did not require much data.
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Course Overview

Message

e Manufacturing systems can be understood like any complex
engineered system.

e Engineers must have intuition about these systems in order to
design and operate them most effectively.

e Such intuition can be developed by studying the elements of the
system and their interactions.

e Using intuition and appropriate design tools can have a big payoff.
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Course Overview
Goals

To explain important measures of system performance.

e To show the importance of random, potentially disruptive events in
factories.

e To give some intuition about behavior of these systems.

To describe and justify some quantitative tools and methods.

But not to describe all current common-sense approaches.

Manufacturing Systems Overview 14 Copyright (©2018 Stanley B. Gershwin. All rights reserved.



|
Approach

e To focus on important factory phenomena that can be analyzed
quantitatively.

e To develop or describe mathematical models of these phenomena.

e To study the required mathematics, only as deeply as needed.
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Problems

e Manufacturing System Engineering (MSE) is not as advanced as
other branches of engineering.

e Practitioners are sometimes encouraged to rely on slogans or black
boxes.

e A gap exists between theoreticians and practitioners.
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Problems

e The research literature is incomplete,

* ... but practitioners are often unaware of what does exist.

e Terminology, notation, basic assumptions are not standardized.

e There is typically a separation of product, process, and system
design.

* They should be done simultaneously or iteratively, not sequentially.
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Problems

e Confusion about objectives:

* maximize capacity?

* minimize capacity variability?

* maximize capacity utilization?
* minimize lead time?

* minimize lead time variability?

* maximize profit?
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Product Realization

Products, Processes, Machines, Buffers,and Operating Policy

Manufacturing Systems Engineering

Design

products

Design

Design

—+e system

Choose

p

Choose

buffers

—e

Choose
operating
policy
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Rule proliferation

e When a system is not well understood, rules proliferate.

This is because rules are developed to regulate behavior.

But the rules lead to unexpected, undesirable behavior. (Why?)

New rules are developed to regulate the new behavior.

Et cetera.
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Rule proliferation

Example

A factory starts with one rule: do the latest jobs first .

Over time, more and more jobs are later and later.

A new rule is added: treat the highest priority customers’ orders as
though their due dates are two weeks earlier than they are.

The low priority customers find other suppliers, but the factory is still late.

Why?
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Rule proliferation
Why?

e There are significant setup times from part family to part family. If
setup times are not considered, changeovers will occur too often,
and waste capacity.

e Any rules that do not consider setup times in this factory will
perform poorly.
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Definitions

e Manufacturing: the transformation of material into something useful
and portable.

e Manufacturing System: A manufacturing system is a set of machines,
transportation elements, computers, storage buffers, people, and other
items that are used together for manufacturing. These items are
resources.

* Alternate terms:

> Factory
> Production system
> Fabrication facility

e Subsets of manufacturing systems, which are themselves systems, are
sometimes called cells, work centers, or work stations .
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Basic Issues

e Frequent new product introductions.

e Product lifetimes often short.

e Process lifetimes often short.

This leads to frequent building and rebuilding of factories.

There is little time for improving the factory after it is built; it must be
built right.
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Basic Issues

Consequent Needs

Tools to predict the performance of proposed factory designs.

Tools for optimal factory design.

Tools for optimal real-time management (control) of factories.

Manufacturing Systems Engineering professionals who understand
factories as complex systems.
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Basic Issues
Quantity, Quality, and Variability

e Design Quality — the design of products that give customers what
they want or would like to have (features).
* Examples: Fuel economy in cars. Advanced electronics, attractive
styling in cell phones.

e Manufacturing Quality — the manufacturing of products to avoid
giving customers what they don’t want or would not like to have

(bugs).
* Examples: Exploding airbags in cars. Exploding batteries in cell
phones.

This course is about manufacturing, not product design.
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Basic Issues
Quantity, Quality, and Variability

e Quantity — how much is produced and when it is produced.

e Quality — how well it is produced.

In this course, we focus mostly on quantity.

General Statement: Variability is the enemy of manufacturing.
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Basic Issues

Styles for Demand Satisfaction

e Make to Stock (Off the Shelf):

* items available when a customer arrives

* appropriate for large volumes, limited product variety, cheap raw
materials

e Make to Order:

* production started only after order arrives

* appropriate for custom products, low volumes, expensive raw
materials
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Basic Issues
Conlflicting Objectives

e Make to Stock:

* large finished goods inventories needed to prevent stockouts

* small finished goods inventories needed to keep costs low
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Basic Issues
Conlflicting Objectives

e Make to Order:

* excess production capacity (low utilization) needed to allow early,
reliable delivery promises

* minimal production capacity (high utilization) needed to to keep
costs low
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Basic Issues

Concepts

e Complexity: collections of things have properties that are
non-obvious functions of the properties of the things collected.

e Non-synchronism (especially randomness) and its consequences:
Factories do not run like clockwork.
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Basic Issues

Operation
Operator______
Machine
Part - | . - Part
Operation
Consumable ___ _ | - Waste

Nothing happens until everything is present.
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Basic Issues
Waiting

Whatever does not arrive last must wait.

e Inventory: parts waiting.

e Under-utilization: machines waiting.

e [dle work force: operators waiting.
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Basic Issues

Waiting
Operator
Machine
Part - . . - Part
Operation
Consumable ____ _ | - Waste

e Reductions in the availability, or ...

e Increased variability in the availability ...

. of any one of these items increases waiting in the rest of them and reduces
performance of the system.
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Kinds of Systems

Flow shop

. or Flow line, Transfer line , or Production line.

< O

-

Machine

O

O

Buffer

O

Traditionally used for high volume, low variety production.

What are the buffers for?
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Kinds of Systems

Assembly system

O O MO FOL R

O
O

!

Assembly systems are trees , and may involve thousands of parts.
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Kinds of Systems

Assembly system

Bill of Materials of a large electronic product
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Kinds of Systems — Loops
Closed loop (1)

Raw Part Input

Finished Part Output

Pallets or fixtures travel in a closed loop. Routes are determined. The
number of pallets in the loop is constant.
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Kinds of Systems — Loops

Reentrant loops (2)
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Kinds of Systems — Loops

Reentrant loops (2)

Type 2l lType 1 Type 1] | Type 2

System with
reentrant flow
and two part

types

Routes are determined. The number of parts in the loop varies.
Semiconductor fabrication is highly reentrant.
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Kinds of Systems — Loops

Rework loop (3)

. . reject
inspection

Routes are random. The number of parts in the loop varies.

Manufacturing Systems Overview 41 Copyright (©2018 Stanley B. Gershwin. All rights reserved.



|
Kinds of Systems

Job shop

Machines not organized according to process flow.

Often, machines grouped by department:

* mill department
* lathe department
* etc.

Great variety of products.

Different products follow different paths.

Complex management.
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Time

e Many factory performance measures are about time, such as

*

production rate: how much is made in a given time.

* lead time: how much time before delivery.

* cycle time: how much time a part spends in the factory.

* delivery reliability: how often a factory delivers on time.

* capital pay-back period: the time before the company get its
investment back.
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Time

Even inventory can be described in time units:

“we are holding x weeks of inventory”

means

“customer demand could consume
all our inventory in x weeks.”
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Time

e Time appears in two forms:

* delay

* capacity utilization

e Every action has impact on both.
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Time
Delay

e An operation that takes 10 minutes adds 10 minutes to the delay that

* a workpiece experiences while undergoing that operation;
* every other workpiece experiences that is waiting while the first is being
processed.

e A machine stoppage that lasts 10 minutes adds 10 minutes to the delay
that

* every workpiece that is waiting to be processed at that machine
experiences.

* Machine stoppages are caused by failures, maintenance, blocking,
starvation, set-up changes and other causes.

e The sum of all the delays that a part experiences during production is the
extra time that a part spends in a factory beyond the time required for its
operations.

* That is often between 10 and 100 times the total operation time.
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Time
Capacity Utilization

e An operation that takes 10 minutes takes up 10 minutes of the
available time of

* a machine,
* an operator,
* or other resources.

e Similarly for machine stoppages.

e Since there are a limited number of minutes of each resource that
are available in a day, there are a limited number of operations that
can be done in a day.

e In other words, this is the limit on the factory's production rate.
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Time
Production Rate

e Operation Time: the time that a machine takes to do an
operation.

e Production Rate: the average number of parts produced in a time
unit. (Also called throughput.)

If nothing interesting ever happens (no failures, etc.),

1

Production rate = Operation time

... but something interesting always happens.
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Time
Capacity

e (Capacity: the maximum possible production rate of a
manufacturing system, for systems that are making only one part
type.

* Short term capacity: determined by the resources available right
now.

* Long term capacity: determined by the average resource
availability.

e Capacity is harder to define for systems making more than one part
type. Since it is hard to define, it is very hard to calculate.
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Probability and Statistics
Trick Question

| flip a coin 100 times, and it shows heads every time.

Question: What is the probability that it will show
heads on the next flip?
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Probability and Statistics

Another Trick Question
| flip a coin 100 times, and it shows heads every time.

Question: How much would you bet that it will show
heads on the next flip?

Probability 3 Copyright (©2018 Stanley B. Gershwin. All rights rese
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Probability and Statistics

Still Another Trick Question
| flip a coin 100 times, and it shows heads every time.

Question: What odds would you demand before you
bet that it will show heads on the next flip?

Probability 4 Copyright (©2018 Stanley B. Gershwin. All rights rese

rved.



-
Probability and Statistics

Probability # Statistics

Probability: mathematical theory that describes
uncertainty.

Statistics: set of techniques for extracting useful
information from data.
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Interpretations of probability

Frequency

The probability that the outcome of an experiment is A
is P...

if the experiment is performed a large number of times
and the fraction of times that the observed outcome is
Ais P.
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Interpretations of probability
State of belief

The probability that the outcome of an experiment is A
is P...

if that is the opinion (ie, belief or state of mind) of an
observer before the experiment is performed.
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Interpretations of probability
Example of State of Belief: Betting odds

The probability that the outcome of an experiment is A
is P...

if before the experiment is performed a risk-neutral
observer would be willing to bet $1 against more than
§LP.

P

The expected value (slide ??) of the bet is greater than

(a-P)x(-)+(P)x (F57) =0
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Interpretations of probability

Abstract measure

The probability that the outcome of an experiment is A
is P(A)...

if P() satisfies a certain set of conditions: the axioms of
probability.
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Interpretations of probability
Axioms of probability

Let U be a set of samples . Let &1, &, ... be subsets of
U.

Let () be the null (or empty ) set, the set that has no
elements.

.OgP(é’,-)gl
e P(U)=1
e P()=0

o If £ N (c;j = @, then P(S, U Sj) = P(g,) + P(gj)
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Probability Basics

Discrete Sample Space

Notation, terminology:

e w is often used as the symbol for a generic sample.

e Subsets of U are called events.
e P(E) is the probability of &.
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Probability Basics

Discrete Sample Space

e Example: Throw a single die. The possible
outcomes are {1, 2, 3, 4, 5, 6}. w can be any one
of those values.

e Example: Consider n(t), the number of parts in
inventory at time t. Then

w=1{n(1),n(2),....n(t), ..}

is a sample path.
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Probability Basics

Discrete Sample Space

e An event can often be defined by a statement. For example,

& = {There are 6 parts in the buffer at time t = 12}

Formally, this can be written

& = the set of all w such that n(12) =6

| € = {w|n(12) = 6}
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Probability Basics

Discrete Sample Space

N
000000
@00000
@@0000
@0000Q

Low probabili/
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Probability Basics
Set Theory

Venn diagrams

N

P(A) =1— P(A)

A
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Probability Basics
Set Theory

Venn diagrams

/v

»

P(AUB) = P(A)+ P(B) — P(AN B)

AN
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Probability Basics

Independence

A and B are independent if

P(AN B) = P(A)P(B).
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grid figure to illustrate independence
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Probability Basics

Independence

Probability

xxxxx
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Probability Basics
Conditional Probability

a

If P(B) # 0,
p(aB) = \ANE) (;‘(2)3 ) | AU>

We can also write P(AN B) = P(A|B)P(B).
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Probability Basics
Conditional Probability

P(A|B) = P(AN B)/P(B)

Example: Throw a die.Let

e A s the event of getting an odd number (1, 3, 5).

e B is the event of getting a number less than or
equal to 3 (1, 2, 3).

Then P(A) = P(B) = 1/2,P(AN B) = P(1,3) = 1/3.
Also, P(A|B) = P(AN B)/P(B) = 2/3.
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Probability Basics
Law of Total Probability

e Let B=CUD and assume CND = (). Then

P(A|C) = P(;\(Q_)Qand P(A|D) — P(;‘(g)D).
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Probability Basics

Also,
e P(C|B) = P(/S(g)B) = ggg; because CN B = C. .
Similarly, P(D|B) = 'IE;EEB); A

e ANB=AN(CUD)=(ANC)U(AND)

e Therefore
P(ANB)=P(AN(CuUD))
=P(ANC)+ P(AN D) because (AN C) and (AN D) are
disjoint.
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Probability Basics
Law of Total Probability

e Or, from the definition of conditional probability,
P(A|B)P(B) = P(A|C)P(C) + P(A|D)P(D)

or,

P(AIB)P(B) _ P(AIC)P(C) | P(AID)P(D)
P(B)  P(B) P(B)

or,

P(A|B) = P(A|C)P(C|B) + P(A|D)P(D|B)
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Probability Basics
Law of Total Probability

AN

An important case is when CUD = B = U, sothat AN B =
A. Then P(A)=P(ANC)+ P(AND) or

P(A) = P(A|C)P(C)+ P(A|D)P(D)
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Probability Basics
Law of Total Probability

More generally, if A and
&1, ...& are events and

Eiand & =0, forall i #j

R
?gf N
A

Ué'j = the universal set
J

(ie, the set of &; sets is mutu-
ally exclusive and collectively
exhaustive ) then ...
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Probability Basics
Law of Total Probability

and
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Probability Basics
Law of Total Probability

Example

A = {I will have a cold tomorrow.}

&, = {lt is raining today.}

&, = {It is snowing today.}

& = {lt is sunny today.}

(Assume E1UE UE =Uand E1NE =ENE =ENEs :@)

Then AN & = {l will have a cold tomorrow and it is raining today}.
And P(A|&;) is the probability | will have a cold tomorrow given that it is
raining today.

etc.
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Probability Basics
Law of Total Probability

Then

{I'will have a cold tomorrow. }=

{I' will have a cold tomorrow and it is raining today} U
{I'will have a cold tomorrow and it is snowing today} U
{I' will have a cold tomorrow and it is sunny today}

SO

P({l will have a cold tomorrow.})=

P({! will have a cold tomorrow and it is raining today}) +
P({l will have a cold tomorrow and it is snowing today}) +
P({I will have a cold tomorrow and it is sunny today})
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Probability Basics
Law of Total Probability

P({1 will have a cold tomorrow.})=

P({I will have a cold tomorrow | it is raining today})P({it is raining today}) +
P({l will have a cold tomorrow | it is snowing today})P({it is snowing today}) +

P({1 will have a cold tomorrow | it is sunny today}) P({it is sunny today})

or
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Probability Basics

Random Variables

Let V be a vector space. Then a random variable X is a mapping
(a function) from U to V.

If we U and x = X(w) € V, then X is a random variable.

Example: 'V could be the real number line.
Typical notation :

e Upper case letters (X) are usually used for random variables and
corresponding lower case letters (x) are usually used for possible values
of random variables.

e Random variables (X(w)) are usually not written as functions; the
argument (w) of the random variable is usually not written. This
sometimes causes confusion.
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Probability Basics

Random Variables

Flip of a Coin

Let U={H,T}. Let w = H if we flip a coin and get heads; w = T if
we flip a coin and get tails.

Let V be the real number line.

X(T)=0

X(H) =1

Assume the coin is fair. (No tricks this time!) Then
Plw= T)=P(X=0)=1/2

Plw= H)=P(X=1)=1/2
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-
Probability Basics

Random Variables

Flip of Three Coins
Let U = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.

Let w = HHH if we flip 3 coins and get 3 heads; w =HHT if we
flip 3 coins and get 2 heads and then one tail, etc. The order
matters! There are 8 samples.

e P(w)=1/8 for all w.
Let X be the number of heads. Then X =0, 1, 2, or 3.

o P(X =0)=1/8; P(X =1)=3/8; P(X = 2)=3/8;
P(X = 3)=1/8.

There are 4 distinct values of X.
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-
Probability Basics
Probability Distributions

Let X(w) be a random variable. Then P(X(w) = x) is the
probability distribution of X (usually written P(x)). For three coin
flips:
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-
Probability Basics

Probability Distributions

Shorthand:

e Instead of writing P(X(w) = x), people often write P(x) if
the meaning is unambiguous.

Mean and Variance:
e Mean (average): x = u, = E(X) = X, xP(x)
o Variance: Vi =02 =E(X — 11x)?> = 2, (x — px)?P(x)
e Standard deviation (sd): o, =V,

o Coefficient of variation (cv): o,/ px
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-
Probability Basics

Probability Distributions

For three coin flips:

x =15
V,=0.75
ox = 0.866
cv = 0.577
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-
Probability Basics

Functions of a Random Variable

e A function of a random variable is a random
variable.

e Special case: linear function

For every w, let Y(w) = aX(w) + b. Then

* Y =aX+b.
* Vy:az\/x; 0'y:|a|0'x.
Probability 37
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Discrete Random Variables
1. Bernoulli

Flip a biased coin.
XB is 1 if outcome is heads: 0 if tails.

Let p be a real number, 0 < p < 1.

XB is a Bernoulli random variable.
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Discrete Random Variables
2. Binomial

The sum of N independent Bernoulli random variables

X8 with the same parameter p is a binomial random
variable X°.

N
XP =3 X7
i=0

NI B
P(X" = x) = (1= p) )

x!(N — x)
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Discrete Random Variables
2. Binomial probability distribution

ot N=100, p=0.4

20 25 30 35 40 45 50 55 60

n
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Discrete Random Variables
3. Geometric

The number of independent Bernoulli random variables X? with
the same parameter p tested until the first 1 appears is a
geometrically distributed random variable X8.

1 2 3 4 .. k-4 k-3 k-2 k-1 k
000 0 .. O 0 0 0 1
—— k >

Xe=kifXP=0 XFP=0, .., XFP, =0 XF=1
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Discrete Random Variables

3. Geometric
To calculate P(X¢ = k), observe that P(X® =1) = p, so P(X8 >1)=1—p.
Also, observe that {X& > k} is a subset of {X& > k —1}.
Then
P(XE > k) = P(XE > k|XE > k — 1)P(XE > k — 1)
= (1—p)P(XE >k —1),
because
P(X& > k|X& > k—1) = P(XE =0,..XE =0 |XE =0,..XE , =0)
=1-p
so
P(X8 >1)=1—p, P(X¢ >2)=(1—-p)% .. P(XE>k—1)=(1-p)!
and P(X& = k) = P({X& > k—1} and {XE =1}) = (1 — p)*!p.

Probability 42 Copyright (©2018 Stanley B. Gershwin. All rights reserved.



Discrete Random Variables
3. Geometric probability distribution

0.08 | Geometric, p=.1
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Discrete Random Variables
4. Poisson Distribution

A

P(XF =n)=-e _

Discussion later.
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R
Continuous Random Variables

Philosophical Issues

1. Mathematically , continuous and discrete random
variables are very different.

2. Quantitatively , however, some continuous models
are very close to some discrete models.

3. Therefore, which kind of model to use for a given
system is a matter of convenience .
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Continuous Random Variables
Philosophical Issues

Example: The production process for small metal parts
(nuts, bolts, washers, etc.) might better be modeled as
a continuous flow than as a large number of discrete

parts.
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Continuous Random Variables
Philosophical Issues

The probability of a
two-dimensional random
variable being in a small square
is the probability density times
the area of the square. (The
definition is similar in
higher-dimensional spaces.)

(]

WJ Compare with slide ?7.
Low densii
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Continuous Random Variables
Philosophical Issues
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Continuous Random Variables
Spaces

Dimensionality

e Continuous random variables can be defined
* in one, two, three, ..., infinite dimensional spaces;
* in finite or infinite regions of the spaces.

e Continuous random variables can have

* probability measures with the same dimensionality as
the space;

* lower dimensionality than the space;

* a mix of dimensions.
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Continuous Random Variables
No change in water levels

XXX
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Continuous Random Variables
One kind of change in water levels

Keotere X
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Continuous Random Variables
Trajectories

X Trajectories of buffer levels

in the three-machine line if

the machine states stay

110 constant for a long enough
time period.

010

o1 Notation: 110 means My
and M, are operational and
Ms is down, 100 means M,
is operational, My and M3
are down, etc.

X;
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Continuous Random Variables
Two-dimensional probability distribution

ne-dimensional density
Two-dimensional
density

Zero-dimensional
density (mass)

Probability distribution

of the amount of

material in each of the

two buffers.
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Continuous Random Variables
Discrete approximation of the probability distribution

Probability
distribution of the
amount of material
in each of the two

buffers.
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Continuous Random Variables
Densities and Distributions

In one dimension, F() is the cumulative probability distribution of
X if
F(x) = P(X < x)

ng’\ X

f() is the density function of X if

F(x) = / " f()dt

—00

Therefore,
_dF

f(x) = o

wherever F is differentiable.
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Continuous Random Variables
Densities and Distributions

Fact: f(x)éx =~ P(x < X < x + 6x) for sufficiently
small 0x.

f(x)dx =~ P(x < X < x + dx)

o= ox

Fact: F(b)— F(a)= [ f(t)dt

Definition: Expected value of x = X = [ tf(t)dt

Probability 56 Copyright (©2018 Stanley B. Gershwin. All rights resel

rved.



Continuous Random Variables
Standard Normal Distribution

The density function of the normal (or gaussian ) distribution with
mean 0 and variance 1 (the standard normal ) is given by
1

f(x) = @e—éx

The normal distribution function is

2

F(x) = [ f(de

(There is no closed form expression for F(x).)
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Continuous Random Variables
Standard Normal Distribution

Probability

f(x)
0.4

0.35
031
0.25
02r

0.15

F(x)

-2 0 2 4 X

09
081
071
0.6
051
04r
031
021
01

58
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Continuous Random Variables
Normal Distribution

Notation: N(u,0?) is the normal distribution with mean y and
variance o°.

Note: Some people write N(u, o) for the normal distribution with mean u and

variance o2,
Fact: If X and Y are normal, then aX 4+ bY 4+ ¢ is normal.

Fact: If X is N(u,0), then £ is N(0, 1), the standard normal.

Consequently, N(u, o) easy to compute from N(0,1). This is why
N(0,1) is tabulated in books.
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Continuous Random Variables
Truncated Normal Density (1)

0.5 T

ot foneated —
0.45 - q
0.4 ~
0.35 - q
03 q
0.25 - —
02 q
0.15 - —
0.1 q

0.05 - 4

. . . .
0 —4 -2 0 2 4

f
fr(x)dx = P(x < X < x + 6x) = 1(720)6x where F() and f() are the normal distribution
and density functions with parameters 1 and o.

Note: 1 and o are the parameters of f(x), not fr(x).
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Continuous Random Variables
Truncated Normal Density (2)

probability mass

0.5

T
truncated ——

not truncated ——

0.45 -
04
0.35
03
0.25 -
02
0.15
0.1

0.05 -

L L L
° 4 -2 0 4

— 2
fr1(x)dx = P(x < X < x+0x) = f(x)dx for x > 0 and P(X = 0) = F(0) where F() and
f() are the normal distribution and density functions with parameters p and o.

Here again, p and o are the parameters of f(x), not fr/(x).

For both kinds of truncation, fr(x) and f7/(x) are close to f(x) when p > o, and not
otherwise.
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Continuous Random Variables
Law of Large Numbers

Let {Xk} be a sequence of independent identically distributed
(i.i.d.) random variables that have finite mean . Let S, be the
sum of the first n Xjs, so

S5, =Xi+..+ X,
Then for every € > 0,

[im P( >6>—O
n—oo

That is, the average approaches the mean.

n
— U
n
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Continuous Random Variables
Central Limit Theorem

Let {Xx} be a sequence of i.i.d. random variables with

finite mean 4 and finite variance o2

Then as n — oo, P( :f”“) — N(0,1).

If we define A, as S,/n, the average of the first n X;s,
then this is equivalent to:

As n — oo, P(A,) = N(u,o/y/n).
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Continuous Random Variables
Coin flip examples

Probability

of

Probability of x heads in n flips of a fair coin

probability (n=3)

probability (n=15)

alllidh,

0 1 2 3 4 5 6 7_8 9 10 11 1213 1415
X

probabili

of

<

I P
: =
Il

o5}

—

64
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X
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Continuous Random Variables

Binomial probability distribution approaches normal for
large N.

N=100, p=0.4

20 25 30 35 40 45 50 55 60
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Continuous Random Variables
Binomial distributions

Note the resemblance to a truncated normal in these examples.

Probability

N=20, p=0.2

N=80, p=.05
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Normal Density Function
in Two Dimensions

04
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More Continuous Distributions

Uniform

1

f(x):b_a

fora<x<b

f(x)=0 otherwise

Probability 68 Copyright (©2018 Stanley B. Gershwin. All rights rese

rved.



R
More Continuous Distributions

Uniform

Uniform density

Uniform distribution
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More Continuous Distributions
Triangular

Probability density function

s

i
1Y
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More Continuous Distributions
Triangular

Cumulative distribution function
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More Continuous Distributions
Exponential

e Very often used for the time until a specified event occurs.
o Density: f(t) = e for t > 0; f(t) = 0 otherwise;
e Distribution: F(t) = P(T <t)=1—e"* fort>0; F(t)=0 otherwise.

exponential distribution

exponential density

Probability 72 Copyright (©2018 Stanley B. Gershwin. All rights reserved.



R
More Continuous Distributions

Exponential

e Close to the geometric distribution but for continuous time.
e Very mathematically convenient.

e Memorylessness:
P(T >t+x|T >x)=P(T >1t)
Suppose an exponentially distributed process is started at time 0 and the event of
interest has not occurred yet at time x. Then the probability distribution of the time
after x at which it occurs is the same as the original exponential distribution. The

process has no “memory” of when it was actually started.
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]
Another Discrete Random Variable

Poisson Distribution

(AL
P(XF =x)=e? v

is the probability that x events happen in [0, t] if the
events are independent and the times between them are
exponentially distributed with parameter \.

Typical examples: arrivals and services at queues. (Next
lecture!)
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]
NOT Random

...but almost

e A pseudo-random number generator is a set of numbers Xp, Xi, ...
where there is a function F such that

Xny1 = F(Xp)
and F is such that the sequence of X, satisfies certain conditions.

e For example,

* there is a known finite maximum X™MaX,
* 0< X, < xmMax,

% and the sequence Up, Ui, ... (where U; = X;/XM3X) Jooks like a set of
uniformly distributed, independent random variables.

> That is, statistical tests say that the probability of the sequence not
being independent uniform random variables is very small.
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]
NOT Random

...but almost

e The sequence is deterministic: it is determined by Xp, the seed of the
random number generator.

e If you use the same seed twice, you get the same sequence both times.
This can be convenient, especially in development of software.

e If you use different seeds, you get completely different sequences, even if
the seeds are close to one another.

e Pseudo-random number generators are used extensively in simulation.
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Stochastic processes

t is time.

X() is a stochastic process if X(t) is a random
variable for every t.

t is a scalar — it can be discrete or continuous.

X(t) can be discrete or continuous, scalar or
vector.

Markov Processes 2 Copyright (©2018 Stanley B. Gershwin.
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Stochastic processes
Markov processes

e A Markov process is a stochastic process in which
the probability of finding X at some value at time
t + ot depends only on the value of X at time t.

e Or, let x(s),s < t, be the history of the values of
X before time t and let A be a possible value of X.

P{X(t + o0t) = AlX(s) =x(s),s < t} =
P{X(t + dt) = A|X(t) =x(t)}

Copyright (©2018 Stanley B. Gersh
All rights

win.



Stochastic processes Markov processes

Stochastic processes
Markov processes

e In words: if we know what X was at time t, we
don’t gain any more useful information about
X(t + 6t) by also knowing what X was at any
time earlier than t.

e This is ONLY the definition of a class of
mathematical models. It is NOT a statement
about reality!!  That is, not everything is a Markov
process.

Markov Processes 4 Copyright (©2018 Stanley B. Gershwin.
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Markov processes Example

Markov processes
Example

Example:
e | have $100 at time t=0.

e At every time t > 1, | have $N(t).

* A (possibly biased) coin is flipped.

* If it lands with H showing, N(t+ 1) = N(t) + 1.

* If it lands with T showing, N(t + 1) = N(t) — 1.
N(t) is a Markov process. Why?

Markov Processes 5 Copyright (©2018 Stanley B. Gershwin.
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S Discrete state, discrete time

Discrete state, discrete time
States and transitions

e States can be numbered 0, 1, 2, 3, ... (or with
multiple indices if that is more convenient).

e Time can be numbered 0, 1, 2, 3, ... (or 0, A, 2A,
3A, ... if more convenient).

e The probability of a transition from j to i in one
time unit is often written Pj;, where

Py = P{X(t +1) = i[X(t) =}

Markov Processes 6 Copyright (©2018 Stanley B. Gersh
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States and transitions
Transition graph

Transition graph ® *

-P-P-P
142464

P is a probability. Note that P;; =1 — 3", . Pm;. This is the
self-loop probability. v

Markov Processes 7 Copyright (©2018 Stanley B. Gershwin.
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States and transitions
Transition graph

He®

Example : H(t) is the number of Hs after t coin flips.

Assume probability of H is p.

This is a system with an infinite state space.

Markov Processes 8 Copyright (©2018 Stanley B. Gershwin.
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States and transitions
Transition graph

Example : Coin flip bets on Slide 5.

Assume probability of H is p.

1-p 1-p 1-p 1-p 1-p 1-p 1-p 1-p 1-p
P P P p P P P P p

Markov Processes 9 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Notation

e {X(t) =i} is the event that random quantity X(t)
has value ;.

* Example: X(t) is any state in the graph on Slide 7. i
is a particular state.

e Define m;(t) = P{X(t) = i}.
e Normalization equation: 3; m;(t) = 1.

Markov Processes 10 Copyright (©2018 Stanley B. Gershwin.
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Markov processes Discrete state, discrete time

Markov processes
Transition equations

Transition equations: application of the law of total probability.

;1—'7.,—@4—'24
7T4(t + 1) = 7T5(t)P45
+ ma(t)(1 — Pra — Paa — Pea)
P
45
(Remember that
Pis = P{X(t + 1) = 4| X(t) =5},
Pas = P{X(t +1) = 4|X(t) = 4}
(Detail of graph =1— Piyg— Pay — Pes)
on slide 7.)

Markov Processes 11 Copyright (©2018 Stanley B. Gershwin.
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esses Discrete state, discrete time

Markov processes
Transition equations

= P{X(t+1)=2|X(t) =1}P{X(t) =1}
+P{X(t+1)=
+P{X(t+1)=
+P{X(t +1) =2|X(t) =5}P{X(t) =5}

Markov Processes 12 Copyright (©2018 Stanley B. G
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Markov processes
Transition equations

e Define P; = P{X(t+1) = i|X(t) = j}

e Transition equations: m;(t + 1) = ¥; Pym;(t).
An application of the (Law of Total Probability)

e Normalization equation: >=; m;(t) = 1.

Markov Processes 13 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Transition equations

14

fj -e,;g,,—l: Therefore, since
CO ™ py— p{X(t+1) = IX(2) — ) anc
& mi(t) = P{X(t) = i},

®

we can write

7T2(t -+ 1) = P217T1(t) -+ P227T2(t) -+ P247T4(t) —+ P257T5(t).

Note that P22 =1- P52.

Markov Processes 14 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Transition equations — Matrix-Vector Form

For an n-state system, * Hl
o Define
’/Tl(t) Pi1 P ... P, 1
7T(t) _ 7T2(t) ’ p— Py Py ... P, 7 L= 1
7Tn(t) 'Dnl Pn2 Pnn 1

e Transition equations: m(t+ 1) = Pr(t)
o Normalization equation: v 7(t) = 1

e Other facts:
x v"P =uvT (Each column of P sums to 1.)
*x w(t) = P'r(0)
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Markov processes
Steady state

O *®

State probabilities vs. t for system in Slide 7
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Markov processes
Steady state

* x A
o St.eady state: m; = lim m;(t) = lim P'7(0), if it
exists.

e Steady-state transition equations: m; = ¥; Pj;.

e Alternatively, steady-state balance equations:
Ti Xm,mi Pmi = 2jjzi Py

e Normalization equation: >; m; = 1.

Markov Processes 17 Copyright (©2018 Stanley B. Gershwin.
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Discrete state, discrete time
Markov processes
Balance equations

Balance equation:
(P14 + Pos + Pea)ma
= Pys7s

in steady state only .

Intuitive meaning: The average number of transitions
into the circle per unit time equals the average number
of transitions out of the circle per unit time.

Markov Processes 18 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Steady state

How to calculate the steady-state probability distribution 7
e Assume that the system has N states, where N is finite.
e Assume that there is a unique steady-state probability distribution.

e The transition equations form a set of N linear equations in N
unknowns.

e The normalization equation is also a linear equation.
e Problem? We have N + 1 equations in N unknowns.

e No problem: there is one redundant equation because each column
sums to 1.

e Delete one transition equation and replace it with the normalization
equation.

e Solve the system of N linear equations in N unknowns.

Markov Processes 19 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Steady state

e A system that has a unique steady-state solutions is called ergodic .
The probability distribution approaches that limit no matter the initial
probability distribution was.

e For systems that have more than one steady-state solution, the limiting
distribution depends on the initial probability.

e The balance equations can be used to find the limiting distribution
instead of the transition equations. As before, one equation has to be
replaced by the normalization equation.

e |If a system has an infinite number of states and it has a steady state
probability distribution, there are two possibilties for finding it:

* It might be possible to solve the equations analytically. We will see an
example of that.

* Truncate the system. That is, solve a system with a large but finite subset of
the states. If you understand the system, you can guess which are the highest
probability states. Keep those. This provides an approximate solution.

Markov Processes 20 Copyright (©2018 Stanley B. Gershwin.
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Markov processes Discrete state, discrete time

Markov processes
Geometric distribution

Consider a two-state system. The system can go from 1 to 0, but

not from 0 to 1.
1-p 1

()

Let p be the conditional probability that the system is in state 0 at
time t + 1, given that it is in state 1 at time t. Then

p:P[a(t—l—l):O

at) = 1] :

Markov Processes 21 Copyright (©2018 Stanley B. Gershwin.
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Markov processes
Geometric distribution — Transition equations

Let m(a, t) be the probability of being in state « at time ¢.

m(0,t+1) —P[a(t+1)—0

a(t) = 1} Pla(t) = 1]

P[a(tﬂ):o

aft) = o} Pla(t) = 0],
we have
m(0,t+1) = pn(1,t)+m(0,t),

m(l,t+1) =(1-p)n(1,t),
and the normalization equation

7w(1,t) +7(0,t) =1

Markov Processes 22 Copyright (©2018 Stanley B. Gershwin.
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S Discrete state, discrete time

Markov processes

Geometric distribution — transient probability
distribution

Assume that 7(1,0) = 1. Then the solution is

m(0,t) = 1—(1- p)t’
(1, t) = (1-p)-.

Markov Processes 23 Copyright (©2018 Stanley B. Gershwin.
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Markov processes

Geometric distribution — transient probability

distribution

Markov Processes

probability

0.8

0.6

0.4

0.2

w(1,t)

w(0,t)

24

40
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Markov processes
Geometric distribution

We have shown that the probability that the state goes from 1 to 0 at time t is
P(t) = (1-p)"

The mean time for the state to go from 1 to 0 is then

_:itp(t):it(l—

t=1

It is not hard to show that

~I
Il
| =
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Markov processes
Unreliable machine

1=up; O=down.

Mean up time = Mean time to fail = MTTF= 1/p
Mean down time = Mean time to repair = MTTR=1/r
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S Discrete state, discrete time

Markov processes

Unreliable machine — transient probability
distribution

The probability distribution satisfies

7(0,t+1) = w(0,t)(1 —r)+n(1,t)p,

a1t +1) = «(0,8)r + (1, £)(1 - p).
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Markov processes

Unreliable machine — transient probability
distribution

It is not hard to show that

7(0,t) = m(0,0)(1—p—r)t
A n-a-e-nl.
w(L,t) = =1, O)(l—p—r)t
e LI (R Rl
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Markov processes

Unreliable machine — transient probability
distribution

w(1,t)

probability
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S Discrete state, discrete time

Markov processes
Unreliable machine — steady-state probability
distribution

As t — oo,
p
r+p’
r
r+p

w(0,t) —

m(l,t) —
which is the solution of

7(0) = m(0)(1—r)+(1)p.
7(1) = 7(0)r +x(1)(1— p).
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Markov processes
Unreliable machine — efficiency

If a machine makes one part per time unit when it is operational, its average
production rate is

r
r+p

m(l) =

This quantity is the efficiency (e) of the machine. If the machine makes one
part per T time units when it is operational, its average production rate is

-1(5)
T\r+p

MTTF
MTTF +MTTR

Note that we can also write

e =

Markov Processes 31 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Markov processes Discrete state, continuous time

Discrete state, continuous time
States and transitions

e States can be numbered 0, 1, 2, 3, ... (or with
multiple indices if that is more convenient).

e Time is a real number, defined on (—o0,0) or a
smaller interval.

e The probability of a transition from j to i during
[t,t + dt] is approximately \;dt, where 0t is small,
and

Njot = P{X(t + dt) = i|X(t) =j} for i #j
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Discrete state, continuous time
States and transitions

More precisely,

N0t = P{X(t + dt) = i|X(t) = j} + o(0t)
for i #j

ot
where o(dt) is a function that satisfies lim olot) =0
5t—0 Ot

This implies that for small §t, o(dt) < ot.

Markov Processes 33 Copyright (©2018 Stanley B. Ger:
All rights res

win.



Markov processes Discrete state, continuous time

Discrete state, continuous time
States and transitions

Transition graph A

Ajj is a probability rate. A;0t is a probability.

Compare with the discrete-time graph. * 0
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Markov processes Discrete state, continuous time

Discrete state, continuous time
States and transitions

One of the transition equations:
Define m;(t) = P{X(t) = i}.

ms(t + 0t) ~
(1 — )\2551' — /\4551’ - )\65(5t)7T5(t)+

)\52(51’71’2(1') + )\5351’7’1’3(1’) + )\565t776(t) + )\5751’71'7(1')4‘
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Discrete state, continuous time
States and transitions

Or,

ms(t + 0t) =~

7T5(t) — ()\25 + Mg + /\65)7T5(t)(5t

+(>\527T2(t) + )\537’(3(1’) + )\567'(6(1') + )\577T7(t))5t
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Discrete state, continuous time
States and transitions

Or,

im ms(t + 0t) — ms(t) _
ot—0 ot

d7T5

W(t-) = —()\25 + A\g5 + /\65)7T5(t)

—|‘/\527T2(t) + )\537T3(t) + )\567T6(t) + )\577T7(t)
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Discrete state, continuous time
States and transitions

Define | for convenience

As5 = —(A25 + Aas + Aes)
Then

d7T5

W(t) = )\557T5(t)+

)\527T2(t) + )\537T3(t) + )‘56776(t) + )\5777'7(1')
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Markov processes Discrete state, continuous time

Discrete state, continuous time
States and transitions

e Define m;(t) = P{X(t) = i}

o It is| convenient |to define \j = — ;i A\ji * * %

dﬂ',‘(t) o o
dt _ %:)\Uﬂ-](t)'

e Transition equations:

e Normalization equation: >; m;(t) = 1.

x x x Often confusing!!!

Markov Processes 39 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Discrete state, continuous time
Discrete state, continuous time
Transition equations — Matrix-Vector Form

e Define 7(t), v as before *.

A1 A2 .o A
Define A = | 2t A2 - A
/\nl )\n2 /\nn
dm(t
e Transition equations: 7;’(1‘ ) = Ax(t).

e Normalization equation: v77 = 1.

e Other facts:
x vTP =0 (Each column of P sums to 0.)

* m(t) = eMr(0)
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Steady State

Steady state: m; = lim;_,o, m;(t), if it exists.

Steady-state transition equations: 0 = >; Aj;.

Alternatively, steady-state balance equations:
i Xm,m#i Ami = ) j4i AjfTj

Normalization equation: >; 7 = 1.
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Steady State — Matrix-Vector Form

e Steady state: m = lim m(t), if it exists.

t—00
e Steady-state transition equations: 0 = Ar.

T

e Normalization equation: v' 7 = 1.
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Sources of confusion in continuous time models

e | Never | Draw self-loops in continuous time

Markov process graphs.

o | Never |write 1 — A\js — Aog — Ags. Write

* 1-— ()\14 4+ Aog + )\64)(51', or
* —(Ma + Aoa + Nea)
o \i=—24Niis| NOT |arateand| NOT |a

probability. It is| ONLY | a convenient notation.
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Exponential distribution

Exponential random variable T: the time to move from
state 1 to state O.
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Discrete state, continuous time
Exponential distribution
(0, t +dt) =

P -oz(t +0t) = 0la(t) = 1- Pla(t) = 1]+

P -oz(t +dt) = 0|a(t) = O- Pla(t) = 0].

or
(0, t + dt) = potm(1, t) + 7(0, t) + o(0t)

or
dn(0,t)

dt

= pm(1,t).
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Discrete state, continuous time
Exponential distribution
(1, t 4 0t) =

P -oz(t +0t) = 1la(t) = 1- Pla(t) = 1]+

P -oz(t +0t) = 1ja(t) = 0- Pla(t) = 0].

” (1, t +dt) = (1 — pot)m(1, t) + (0)w(0, t) + o(dt)

or
dm(1,t)

dt

= —pum(1,t).
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Exponential distribution

dm(0,t)
= 1,t
™ pr(1,t)
Transition equations
dm(1,t)
= —um(l,t

If 7(0,0) =0, x(1,0) = 1, then

m(l,t) =e M
and
7(0,t) =1—e M
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Discrete state, continuous time
Discrete state, continuous time
Exponential distribution

The probability that the transition takes place at some T € [t, t + dt] is
f(t)ot = Pla(t +dt) =0 and a(t) = 1]
~ Pla(t 4 6t) = 0|a(t) = 1]P[a(t) = 1]
= (not)(e )

The exponential density function is therefore f(t) = pe #* for t > 0 and 0 for
t <0.

The time of the transition from 1 to 0 is said to be exponentially distributed
with rate p.

1 e 9]
The expected transition time is — = / te Mt
0
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Exponential distribution

o f(t)=pe " for t > 0; f(t) = 0 otherwise;
F(t)=1—e# for t > 0; F(t) = 0 otherwise.
o ET =1/u, V7 =1/pu2. Therefore, o = ET so cv=L.

fom— F),

5 t 5 t
T 1
Markov Processes 49
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Markov processes Discrete state, continuous time

Markov processes
Exponential

Density function

Exponential density
function and a small
number of samples. g

I

o 100 200 300 400
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Discrete state, continuous time
Exponential distribution: some properties

e Memorylessness:
P(T >t+x|T>x)=P(T >t)

o P(t< T <t+0t|]T >t)= pdt for small dt.
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Exponential distribution: some properties

e If T1,..., T, are independent exponentially
distributed random variables with parameters

{1..., iy, and
e T =min(Ty,..., T,), then

e [ is an exponentially distributed random variable
with parameter y = p1 + ... + pp.

e Consequently, the time that the system stays in
any state is exponentially distributed. v
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Unreliable machine

Continuous time unreliable machine.

r

() o
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Unreliable machine
From the Law of Total Probability:

P({the machine is up at time t + §t})=

P({the machine is up at time t 4 dt | the machine was up at time t}) x
P({the machine was up at time t}) +

P({the machine is up at time t + dt | the machine was down at time t}) x
P({the machine was down at time t})

+o(dt)
and similarly for P({the machine is down at time t + dt}).
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Unreliable machine

Probability distribution notation and dynamics:

7(1, t) = the probability that the machine is up at time t.
7(0, t) = the probability that the machine is down at time t.

P(the machine is up at time t + 0t| the machine was up at time t)
=1— pdit

P(the machine is up at time t + 0t| the machine was down at time t)
= rit
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Unreliable machine

Therefore

(1, t +dt) = (1 — pdt)n(1,t) + rotm(0, t) + o(0t)

Similarly,

7(0,t + dt) = pdtn(1,t) + (1 — rot)m(0, t) + o(0t)
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Unreliable machine

or,
(1, t+dt) — w(1,t) = —pdtm(1,t) + rotn(0, t) + o(0t)
or,
m(d t+ 5(2 U CL) = —pn(1,t) + rm(0,t) + O(;tt)
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Discrete state, continuous time

or,
d”glt’t) _ (0. t)r — (1, t)p
d”got’ D 0,0+ (L t)p
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Markov processes Discrete state, continuous time

Markov processes
Unreliable machine

Solution

7(0,t) = p+[7r(0,0)—p] e (rtp)t
r+p r+p

m(l,t) = 1—m(0,t).

As t — oo,
p
(0 ,
(0) r+p
r
(1
(1) P
Markov Processes 59
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Markov processes Discrete state, continuous time

Markov processes
Unreliable machine

Note that MTTF=1/p; MTTR=1/r. Units are natural time units,
not operation times.

If the machine makes j parts per time unit on the average when it
is operational, the steady-state average production rate is

ro MTTE
r+p IMTTF+MTTR

pr(l) = p = e
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Markov processes Discrete state, continuous time

Discrete state, continuous time

Poisson Process
T + T2 Tz + T3 1+ L+ %+

0 T +

e Let 7;,,i =1,... be a set of independent exponentially
distributed random variables with parameter X\. Each random
variable may represent the time between occurrences of a

repeating event.

* Examples: customer arrivals, clicks of a Geiger counter
e Then >>7, T; is the time required for n such events.
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Markov processes Discrete state, continuous time

Discrete state, continuous time
Poisson Process

0 7?+T2 Tz+T3 i +T+ 5 +74

+

e Informally: N(t) is the number of events that occur between
0 and t.

e Formally: Define

0if Tl >t
N(t) = ”
nsuchthat 7, T, <¢t, Y7 T, >t

e Then N(t) is a Poisson process with parameter \.
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Discrete state, continuous time
Queueing theory
M/M/1 Queue

Number of events N(t) during [0, t]

N
10
9
8
7
6
5
4
3
2
1
t
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M/M/1 Queue

Queueing theory
M/M/1 Queue

B T - T YN

e Simplest model is the M/M/1 queue:

* Exponentially distributed inter-arrival times — mean is 1/X; A is
arrival rate (customers/time). (Poisson arrival process.)

x Exponentially distributed service times — mean is 1/p; p is
service rate (customers/time).

* The arrival and service processes are independent.

* 1 server.

* Infinite waiting area.

e Define the utilization p = \/p.
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M/M/1 Queue

Queueing theory
M/M/1 Queue

Number of customers in the system as a function of time for a
M/M/1 queue.

n

~ N WdN OO
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M/M/1 Queue

Queueing theory
D/D/1 Queue

Number of customers in the system as a function of time for a
D/D/1 queue.
n

N~ N WA o
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M/M/3 Quee
Queueing theory
Sample path

e Suppose customers arrive in a Poisson process with average inter-arrival
time 1/A = 1 minute; and that service time is exponentially distributed

with average service time 1/u = 54 seconds.

* The average number of customers in the system is 9.

10 T T

n(t)

60 80 100

Queue behavior over a short time interval — initial transient

67 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.
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M/M/1 Queue

Queueing theory
Sample path

30 T T T T

20 - b

15 B

n(t)

10 - ]

0 L L L L
0 1000 2000 3000 4000 5000

t

Queue behavior over a long time interval
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Queueing theory
M/M/1 Queue

State space

“ “

u
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Queueing theory
M/M/1 Queue
GG e [BEEH
Let 7(n, t) be the probability that there are n parts in
the system at time t. Then,

For n > 0,

w(n t+0t) = w(n—1,t)At+7n(n+1,t)uot +
m(n, t)(1 — (Aot + pdt)) + o(dt)

and

7(0,t + dt) = w(1, t)uot + 7(0, t)(1 — Adt) + o(dt).
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M/M/1 Queue

Queueing theory
M/M/1 Queue

Or,
dﬂfj’;’ t) = w(n—1t)A+7n(n+1,t)u—n(nt)(A+p), n>0
dn(0,t)
. = (1, t)u — (0, t)\.

If a steady state distribution exists, it satisfies

0 m(n—DA+m(n+ 1)p—7n(n)(A+p),n>0
0 = m(1)u—m(0)A.

Why “if"?
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Queueing theory
M/M/1 Queue — Steady State

Let p = A/u. These equations are satisfied by
m(n) =1 —=p)p",n=0
if p<1.

The average number of parts in the system is

. X p A
n= nm(n) = = .
,go (7) l—p p—2A
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Queueing theory Little's Law

Queueing theory
Little’s Law

True for most systems of practical interest (not just M/M/1).

Steady state only.

e | = the average number of customers in a system.

e |V = the average delay experienced by a customer in the
system.
L=\W
In the M/M/1 queue, L = n and
1
W=—.
= A
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Queueing theory Little’s Law

Queueing theory
M/M/1 Queue capacity

100 ‘ ‘ ‘ e /i is the capacity of
: the system.
80
e If A < p, system is
60 .
stable and waiting
=1 | . .
wf | 1 time remains bounded.
2 o If A > p, waiting time
0 ‘ ‘ ‘ grows over time.
0 0.5 1 15 2
A
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Queueing theory Little’s Law

Queueing theory
M/M/1 Queue capacity

w
100 i )
: : e To increase capacity,
sof increase (.
| |
wof : : e To decrease delay for a
ol given ), increase [
: w=2
0 3 :
0 0.5 1 15 2
A
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Queueing theory
Other Single-Stage Models

Things get more complicated when:
e There are multiple servers.
e There is finite space for queueing.
e The arrival process is not Poisson.

e The service process is not exponential.

Closed formulas and approximations exist for some, but not all,
cases.
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Queueing theory
M/M/s Queue

g
******************* LR
@

s-Server Queue, s = 3
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Queueing theory M/M/s Queue

Queueing theory
M/M/s Queue

LR -

(s-2)u (S— o su

e The departure rate when there are kK > s customers in the
system is sp since all s servers are always busy.

e The departure rate when there are k < s customers in the
system is kju since only k of the servers are busy.
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Queueing theory
M/M/s Queue

sk pk
7r(0) k' : k<s
P(k) =
sp¥
7(0)—— o k>s

p=—<1, m(0) chosen so that)_ P(k) =1
k
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M/ M/s Queue

Queueing theory

M/M/s Queue
Wvs. \; su=4

20 I58 T T T T T
ms?{:?h S
s)=(2,2
s)=(4,1
15F b
; 10 7
5 - -
0 - -
1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4
A
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M/M/s Quee
Queueing theory
M/M/1 Queue capacity

To increase capacity or
w reduce delay,

100

e increase [, of

80

60 -
e add servers in parallel

. but that will not reduce
) delay as much.

4f

20
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Queueing theory

Networks of Queues

e Set of queues where customers can go to another
queue after completing service at a queue.

e Open network: where customers enter and leave
the system. X is known and we must find L and W.

e (Closed network: where the population of the
system is constant. L is known and we must find A
and W.
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Queueing theory

Networks of Queues

Examples of open networks

internet traffic

emergency room (arrive, triage, waiting room, treatment,
tests, exit or hospital admission)

food court

airport (arrive, ticket counter, security, passport control, gate,
board plane)

factory with no centralized material flow control after
material enters
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Networks of Queues Examples

1] person Sbarro’s TCBY
lﬁl PIZZA McDonald’s Frozen Yogurt
Person with Tray

T e
I I

w '
3 \
s .
'
E |
'
w K
/
Tables ,’,
. . ° ° ‘,»’
m
1O+ 2O+ O+ 2O %
. . . . .- ~
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Queueing theory

Networks of Queues

Examples of closed networks

e factory with limited fixtures or pallets

Raw Part Input

Finished Part Output

e factory with material controlled by keeping the
number of items constant (CONWIP)
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Queueing theory

Jackson Networks

Queueing networks are often modeled as Jackson networks.

Relatively easy to compute performance measures (capacity,
average time in system, average queue Iengths).

Easily provides intuition.

Easy to optimize and to use for design.

Valid (or good approximation) for a large class of systems ...
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Queueing theory

Jackson Networks

e ... but not all. Storage areas must be assumed to be infinite
(which means blocking is assumed not to happen).

* This assumption leads to bad results for systems with
bottlenecks at locations other than the first station.
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Queueing theory

Open Jackson Networks
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Queueing theory

Open Jackson Networks

Items arrive from outside the system to node i according to a Poisson
process with rate «;.

e «; > 0 for at least one i.

e When an item’s service at node i is finished, it goes to node j next with
probability pj;.

e Ifpp=1-— Zp,-j > 0, items depart from the network from node i.
j
e pip > 0 for at least one i.

e We will focus on the special case in which each node has a single server
with exponential processing time. The service rate of node i is ;.
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Queueing theory

Open Jackson Networks
Goals of analysis:

e to determine if the system is feasible

e to determine how much inventory is in this system
(on the average) and how it is distributed

e to determine the average waiting time at each node
and the average time a part spends in the system.
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Queueing theory

Open Jackson Networks
e Define )\; as the total arrival rate of items to node i. This

includes items entering the network at / and items coming
from all other nodes.

e pji)\; is the portion of the flow arriving at node j that goes to
node /.
e Then )\,‘ = o+ iji)\J
J
e In matrix form, let A be the vector of )\;, o be the vector of
«j, and P be the matrix of p;. Then

A=a+P"\

e Solving for A,
A=(-P")a

Markov Processes 91 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Queueing theory

Open Jackson Networks

Probability distribution:

e If \; < p; for each i, define p; = A\;/u; and
mi(ni) = (1 = pi)pi"

e This is the solution of an M/M/1 queue with arrival rate \;
calculated on the previous slide and service rate pu; specified
by the given problem data.

e If \; > p; for some i, the demand is not feasible. The
system cannot handle the demand placed on it.
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Queueing theory

Open Jackson Networks

Solution:

e Define 7(ny, my, ..., nk) to be the steady-state probability that
there are n; items at node i, i =1, ..., k.

e Then the probability distribution for the entire system is

71-(nla n, ..., nk) = Hi 7T-I'(nf)

e At each node i/

Copyright (©2018 Stanlley B. Gershwin.
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Queueing theory

Open Jackson Networks

e The solution is product form. It says that the probability of the system
being in a given state is the product of the probabilities of the queue at
each node being in the corresponding state.

e This exact analytic formula is the reason that the Jackson network
model is of interest. It is relatively easy to use to calculate the
performance of a complex system.

e The product form solution holds for some more general cases.
e However, it is restricted to models of systems with unlimited storage

space. Consequently, it cannot model blocking.

* It is a good approximation for systems where blocking is rare, for
example when the arrival rate of material is much less than the
capacity of the system.

* It will not work so well where blocking occurs often.
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Queueing theory

Closed Jackson Networks

e Consider an extension in which

* a; = 0 for all nodes i.
* pio=1-— ZPU = 0 for all nodes i.
J
e Then

* Since nothing is entering and nothing is departing from the
network, the number of items in the network is constant .

That is, Z ni(t) = N for all t.

* A= ij,-)\j does not have a unique solution.
J
* This means that a different solution approach is needed to
analyze the system. It is used in the example that follows.
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

Solberg’s "CANQ" model.

Let {p;} be the set of
routing probabilities, as
defined on Slide 89.

pm=1L1ifi M
pvj = q; if j#M

pij = 0 otherwise

(Transport
Station)

Service rate at Station

>
1S fu;.
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

e Input data: M, N, q;, iij,s; (j=1,..., M)

* M = number of stations, including transportation system

* N = number of pallets
% q; = fraction of parts going from the transportation system to

Station j
% j1j = processing rate of machines at Station j

% sj = number of machines at Station j

e Output data: P, W,p; (j=1,...,M)

* P = production rate
* W = average time a part spends in the system

% pj = utilization per machine of Station j
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

For the following graphs,

e Base input data: M, N, q;, iij,s; (j =1,..., M)

M =5
N =10
=.1,.2,.2,.25 .25

1/p; = 3., 4., 3.44, 141, 5.
5=21,2115

L S S

We see the effect of one of the variables on the
performance measures in the following graphs.
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

P

035

o1 -

Number of pallets
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

Average time in system

70

50 -

Number of Pallets
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory

Closed Jackson Network model of an FMS

Utilization
T
s
o8 Station 2 |
0.6 -
04 - =
02 I =
0 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Number of Pallets
Markov Processes 101
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

Utilization

QStaﬁon 2

Station 2 operation time
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

045

04

Station 2 operation time
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Networks of Queues Application — Simple Flexible Manufacturing System model

Queueing theory
Closed Jackson Network model of an FMS

Average time in system

45

2

Station 2 operation time
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Storage

Storage is fundamental!

e Storage is fundamental in nature, management,
and engineering.

* In nature, energy is stored. Life can only exist if the
acquisition of energy can occur at a different time from
the the expenditure of energy.

* In management, products are stored.

* In engineering, energy is stored (springs, batteries,
reservoirs); etc.
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Storage

Purpose of storage

e The purpose of storage is to allow systems to
survive even when important events are
unsynchronized. For example,

* the separation in time from the acquisition or
production of something and its consumption; and

* the occurrence of an event at one location (such as a
machine failure or a power surge) which can prevent
desired performance or do damage at another.

e Storage improves system performance by
decoupling parts of the system from one another.
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Storage

Purpose of storage

e It allows production systems (of energy or goods)
to be built with capacity less than the peak
demand.

* Helps manage seasonality.

e |t reduces the propagation of disturbances, and
thus reduces instability and the fragility of
complex, expensive systems.
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Manufacturing Inventory EEVIIEYATIS{IE

Manufacturing Inventory
Motives/benefits

Storage
e Allows economies of scale:
* volume purchasing
* reduced set-ups
e Helps manage uncertainty:

* Random arrivals of customers or orders.
* Unreliable deliveries of raw materials.
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Manufacturing Inventory Costs

Manufacturing Inventory
Costs

e Financial: raw materials are paid for, but no
revenue comes in until the item is sold.

e Demand risk: item loses value or is unsold due to
obsolescence, for example

* newspapers

* technology
* fashion

e Holding cost (warehouse space)
e “Shrinkage” = damage/theft/spoilage/loss
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Variability and Storage No variability

Variability and Storage

No variability @
-~ B

75
100

|

75 gal/sec in, 75 gal/sec out constantly

If we start with an empty tank, the tank is always empty (except
for splashing at the bottom).
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VEGEIINWCZELCRSICIETI  Variability from random valves

Variability and Storage

Variability from random valves
Consider a random valve:

75% 25%

e The average period when the valve is open is 15 minutes.
e The average period when the valve is closed is 5 minutes.

e Consequently, the average flow rate through it is 75 gal/sec.
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Variability from random valves
Variability and Storage

Variability from random valves

Four possibilities for two unsynchronized valves:

100 gal/sec
0 in, O out in, 0 out
0 in, 100 100 gal/sec
gal/sec out in, 100
gal/sec out
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Variability and Inventory

Observation:

e There is never any water in the tank when the flow is
constant.

e There is sometimes water in the tank when the flow is
variable.

Conclusions:

1. You can't always replace random variables with their
averages.

2. Variability causes inventory!!
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Variability and Inventory

e To be more precise, non-synchronization causes inventory.

* Living things do not acquire energy at the same time
they expend it. Therefore, they must store energy in
the form of fat or sugar.

* Rivers are dammed and reservoirs are created to control
the flow of water — to reduce the variability of the
water supply.

* For solar and wind power to be successful, energy
storage is required for when the sun doesn’t shine and
the wind doesn't blow.
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Inventory Topics

e Newsvendor Problem — pure demand risk (no inventory
dynamics)

e Economic Order Quantity (EOQ) — pure economies of scale
(deterministic demand)

e (), R policy — supplier lead time and random demand

e Base Stock Policy — manage a simple factory to avoid
stockouts

e Other topics
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Newsvendor Problem

Newsvendor Problem
Demand risk

e Newsvendor buys x newspapers at ¢ dollars per
paper (cost ).

e Newspapers are sold at customer price r > c.

e Unsold newspapers are redeemed at salvage price
s < c.

r>c>Ss
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Newsvendor Problem

Newsvendor Problem
Demand risk

Assume demand W is a continuous random variable with
distribution function

F(w) = prob(W < w);

Assume f(w) = dF (w)/dw exists for all w > 0.

Problem: Choose x to maximize expected profit.

Note that w > 0 so F(w) =0 and f(w) =0 for w < 0.
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Model

Newsvendor Problem

Model

Revenue =

re if e <w
R(z,w) =

rw + s(r — w) if o >w
Profit =

(r—c)x if v <w
P(x,w) =< rw+s(xr —w) —cx if > w

\ =(r—s)w—(c—s)x
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Newsvendor Problem Model

Newsvendor Problem
Model

700 T T T T T T

Revenue
Profit -------

600 |- q

500 |- q
300 [ 1

100 - 1

-100 | E

-200

I I I I I I I
0 200 400 600 800 1000 1200 1400 1600
inventory x
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Newsvendor Problem Model

Newsvendor Problem
Model

Revere —— Reverte — Revere —
Froft Broft Pro
500 &0 / 0 /

s00 s0 500
400 w0 a0
a0 0 a0
200 20 20
100 100 100
o o 0
00 100 100
200 200 200

20 w00 &0 B0 o0 200 w00 1s00 0 20 a0 500 200 0 0 1a0 1600 0 200 o0 00 w0 o0 0 o s

inventory x inventory x nvertory x

x too little x just right x too much
r=1;c=.5;s=.1;w = 500.
Note that if x is too large, the profit could be negative.
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Newsvendor Problem Normally distributed demand

Newsvendor Problem
Normally distributed demand

w<Xx § w> X
f(w)
; w
X
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Newsvendor Problem Normally distributed demand

Newsvendor Problem

Normally distributed demand

W<X

Profit = (r-s)w-(c-s)x

w> X
Profit =(r-c)x

f(w)

Inventory

19

w
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Expected profit

Newsvendor Problem
Expected profit

Expected Profit = EP(x) = E,P(x,w) =

| Py -

oo

/_x [(r —s)w — (c — s)z|f(w)dw+

[ = dastwan
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Newsvendor Problem
Expected profit

or EP(x)
r—s) [T wflw)dw— (c—s)z [T f(w
+(r — o)z f fw

—(c—s)zF(z)+(r — c)z(1 — F(x))
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

e When z =0, EP is 0.

e When z — o0,
* the first term goes to a finite constant, (r — s) Ew;

* the middle term, — (¢ — s)xF(z), — —oc.

* the last term goes to 0;

Therefore when x — oo, EP — —o0.
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

EP(x)

\
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

EP(x)
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n Expected profit

Newsvendor Problem
Expected profit

EP(z) = (r—s) [* wf(w)dw — (c — s)zF(z) + (r — c)z(1 — F(z))

dEP

= (r—s)zf(z) = (c = s)F(z) = (c = s)af()
+(r = o)1 = F(x)) = (r — )z f(x)

=zf(x)(r—s+s—c—r+c)
+r—c+(s—c—r+c)F(x)

=r—c—(r—s)F(z)

2

Note also that g —(r —s)f(x).
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

Note that

o A’EP/dx* = —(r —s)f(z) <0 for all z > 0. Therefore EP
is concave and has a maximum.

e dEP/dx =1 —c¢> 0 when z = 0. Therefore EP is
increasing at x = 0, so EP(x) is positive for some x.

e 1™ satisfies

Py =0
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

EP(x)
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

r—=¢

Therefore | F(z*) = :
r—s

Note that 0 < r—e < 1. Therefore there is an z*.

r—s
Recall the definition of F(): F(x*) is the probability that W < z*.
So the equation in the box means

Buy enough stock to satisfy demand 100K % of the time, where

r—c

K —

r—s
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

f(w)

02

o1
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

F(x)

0.9 r
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Newsvendor Problem Expected profit

Newsvendor Problem
Expected profit

r—s:(r—c)—k(c—s)'

Note that F'(z*) =

r —c > 0 is the marginal profit when = < w.

c— s >0 is the marginal loss when x > w.

Choose x* so that the fraction of time you do not buy

too much is _ _
marginal profit

marginal profit + marginal loss
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Newsvendor Problem Example 1

Newsvendor Problem
Example 1: r varying, ¢ = .25, s = 0, p,, = 100, 0, = 10

X X*vs.r
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Newsvendor Problem Example 2

Newsvendor Problem
Example 2: r varying, ¢ = .75, s = 0, p,, = 100, 0, = 10

X X*vs. r
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Newsvendor Problem Example

Newsvendor Problem
r =1, cvarying, s = 0, u,, = 100, 0, = 10

X X*Vvs. C

110

100
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Newsvendor Problem Example 1

Newsvendor Problem
Example 1: » = 1, ¢ = .25, s varying, u,, = 100, 0, = 10

X*Vs. s

130

126

122

118

114

110

106 S
0.00 0.04 0.08 0.12 0.16 020 0.24 028
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Newsvendor Problem Example 2

Newsvendor Problem
Example 2: r = 1,¢ = .75, s varying, u, = 100,00, = 10

X*VSs. s
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Newsvendor Problem Example 1

Newsvendor Problem
Example 1: r=1,¢ = .25,s =0, u, varying, o, = 10

x* vs. Mean

160

120

0 Mean
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Newsvendor Problem Example 2

Newsvendor Problem
Example 2: r =1,¢=.75,s =0, pu, varying, o, = 10

x* vs. Mean

150

110

-10 Mean

Inventory 38 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Newsvendor Problem Example 1

Newsvendor Problem
Example 1: r =1,¢ = .25,s = 0, , = 100, o, varying

x* x* vs. Std
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Newsvendor Problem Example 2

Newsvendor Problem
Example 2: r =1,¢=.75,s = 0, , = 100, o, varying

x* x* vs. Std

86 Std
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Newsvendor Problem Questions

Newsvendor Problem
Why does z* look linear in u,, and o,,?

e z* is the solution to F'(z*) = —
r—s
e Assume demand w is Ny, 0y). Then, for any

demand w,

Flw) = ® (M)

Ow

where ® is the standard normal cumulative
distribution function.
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Newsvendor Problem Questions

Newsvendor Problem
Why does z* look linear in u,, and o,,?

e Therefore

*:Nw+aw@_1 <T_C>
r—S
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Newsvendor Problem Questions

Newsvendor Problem
Why does z* look linear in y,, and ¢,? And
should it?

Is * actually linear in p,, and 0,7

Answer: yes and no.

Yes if we accept the assumption that the demand is normal. But ...

No in reality because the demand cannot be normal.

For what values of p,, and o, is ™ closest to linear in 1, and 7,7

Answer: When 1, >> 0,,. If so, the normal distribution predicts a very small

probability for w being negative. Therefore the normal is a good approximation

for the truncated normal.
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Newsvendor Problem Questions

Newsvendor Problem

* Increasing or Decreasing in o,

What determines whether x* increases or decreases in o,,?
e Note that

o Yk)>0ifk>.5
and

O (k) <0ifk<.5

o Therefore, since 2* = p,y + 0, @71 (T—c),

rT—S

* x* increases with o, if =<

—< > .5, and

* x* decreases with o, if =<

=< < 5.

Inventory
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Newsvendor Problem A General Strategy

Newsvendor Problem
A General Strategy

Question:

e Can we extend this strategy to manage inventory in other
settings?

e In particular, suppose the stock remaining at the end of the
day today can be used in the future. Does the result of the
newsvendor problem suggest a possible heuristic extension?

Answer: Yes.

“Build enough inventory to satisfy demand 100K % of the time, for
some K.”
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EOQ How much to order and when

Economic Order Quantity
How much to order and when

e FEconomic Order Quantity
e Motivation: economy of scale in ordering.

e Tradeoff:

* Each time an order is placed, the company incurs a
fixed cost in addition to the cost of the goods. This
motivates infrequent ordering.

* The order must be large enough to satisfy demand until
the next order is placed. This determines how much
inventory must be stored.

Copyright (©2018 Stanlley B. Gershwin.
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EOQ Assumptions

Economic Order Quantity
Assumptions

Inventory

No randomness.
No delay between ordering and arrival of goods.
No backlogs.

Goods are required at an annual rate of A\ units per year.
Inventory is therefore depleted at the rate of A units per year.

It costs h to store one unit for one year. h is the holding cost

($/unit/year).

If the company orders ) units, it must pay s + c¢() for the
order. s is the ordering cost ($). c is the unit cost ($/unit).
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EOQ Assumptions

Economic Order Quantity
Assumptions

250
200 -
150 -

5 o

8 8
100 -
50 -

/ ordering cost s
0 0 éO 4‘0 éO éO 100 o 1‘0 2‘0 3‘0 4‘0 5‘0 éO 7‘0 8‘0 9‘0 100
Q Q
Total cost and cost per unit of an order
§=25,c=2
Inventory 48
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EOQ Problem

Economic Order Quantity
Problem

e Find a strategy for ordering materials that will
minimize the total cost per year.

e There are two costs to consider: the annual
ordering cost and the annual holding cost.

Copyright (©2018 Stanlley B. Gershwin.
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[<OJe Scenario

Economic Order Quantity
Scenario

Inventory

At time 0, inventory level is 0.

(@ units are ordered and the inventory level jumps
instantaneously to ().

Material is depleted at rate .

Since the problem is totally deterministic, we can wait until
the inventory goes to zero before we order next. There is no
danger that the inventory will go to zero earlier than we
expect it to.
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[={el6l Scenario

Economic Order Quantity
Scenario

e Because of the very simple assumptions, we can assume that
the optimal strategy does not change over time.

e Therefore the policy is to order () each time the inventory
goes to zero.

e We must determine the optimal Q).

Copyright (©2018 Stanlley B. Gershwin.
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[={el6l Scenario

Economic Order Quantity

Scenario
T
) decrease at rate
5 /
§

2T 3T

TT: Q /X (years)
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(=0l Formulation

Economic Order Quantity
Formulation

e The number of orders in a year is 1/T" = A\/(Q). Therefore, the
ordering cost in a year is sA\/(Q.

e The average inventory is () /2. Therefore the average
inventory holding cost is h(@)/2.

e Therefore, we must minimize the annual cost

e
C=5+5

over ().
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Economic Order Quantity
Formulation

Then

or
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Economic Order Quantity
Examples

In the following graphs, the base case is

e )\ = 3000

e s=.001

e h=206
Note that
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EOQ Examples

Economic Order Quantity
Examples
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EOQ Examples

Economic Order Quantity
Examples

O 1 i 1 1 1
0 2000 4000 6000 8000 10000
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EOQ Examples

Economic Order Quantity
Examples

35

0 0.002 0.004 0.006 0.008 0.01
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EOQ Examples

Economic Order Quantity
Examples
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Supplier Lead Time + Random Demand
Issues

Issue: Supplies are not delivered instantaneously. The time
between order and delivery, the lead time L > 0.

e If everything were deterministic, this would not be a problem.
Just order earlier.

Issue: ... but demand is random.

e Problem: The demand that occurs between when the order
is placed and and when the goods are delivered might be
large enough to cause stockout.

Other possible issues: Lead time could be random, production
quantity could be random, etc.
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Supplier Lead Time and Random Demand Inventory Position

Supplier Lead Time + Random Demand
Inventory Position
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Supplier Lead Time and Random Demand Q, R Policy

Supplier Lead Time + Random Demand
@, R Policy

e Fixed ordering cost, like in EOQ problem.

e Random demand, like in newsvendor problem.

* But the inventory retains its value. It is not scrapped.

e Make to stock — no advance ordering by customers.

e Policy: when the inventory level goes below R, order a
quantity Q).

e Problem: find ) and R to minimize ordering + holding
costs while not losing too many sales due to stockout.
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Supplier Lead Time and Random Demand Q, R Policy

Random Demand
@, R Policy

Q=300, R=150
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inventory
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Random Demand

R

First we describe how to choose R.

Inventory

Let L be the number of days between when an order is placed and when
the shipment arrives, the order lead time. L is constant.

Let D be the total demand that arrives between when an order is placed
and when the shipment arrives (L days). D is a random variable.

The order is placed when the inventory level goes below R.

The factory would like R to be greater than the demand D that arrives
before the raw material arrives.

But since the demand is random, the best we can do is to choose R
such that

P(D>R)<e

where P() is the probability and € is a small number.
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Random Demand
R

It is convenient to write the last equation as

P(D<R)>1-—c¢
If L is large enough, the Central Limit Theorem says that D is approximately
normal regardless of the distribution of the daily demand.

Assume that D is N(u, o), a normal random variable with mean p and
standard deviation o.

That is, the probability distribution of the demand is

P(D<d)c1><d_“>

a
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Supplier Lead Time and Random Demand Q, R Policy

Random Demand
R

Then we will choose R to satisfy

<I><R_'u> >1—c¢
o

The smallest value of R that satisfies this is

R =p+od *(1—e¢

Recall that in the EOQ formulation, A was the yearly demand. Here, p is the
mean demand for L days. Therefore,

L
"= 365

A graph of R* as a function of € with ;# = 1000 and o = 100 is on the next

slide.
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Random Demand

R

Inventory
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Random Demand
Q

Now we describe how to choose ().

e The expected time between orders is T = Q) /.

e The expected number of orders in a year is \/(Q). Therefore,
the expected ordering cost in a year is sA/Q.

e Assume that the holding cost for material in transit is the
same as for inventory in the factory. The average inventory
position is (R + ())/2 and the average inventory holding cost
is hW(R+Q)/2.
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Supplier Lead Time and Random Demand Q, R Policy

Random Demand
Q

e Therefore, we choose () to minimize the approximate
expected annual cost

h SA

C==(R —

3 (R+Q+5

But since R is constant, this is essentially the same as the
EOQ problem for determining (.

ED)

Q==
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Flow Lines

. also known as a Production or Transfer Lines.

Machine Buffer

e Machines are unreliable.
e Buffers are finite.

In many cases, the operation times are constant
and equal for all machines.
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Flow Lines
Output Variability

4000 |- ,
Weekly _
Production | | Production output
F 7 from a simulation of
i | a transfer line.
e: | L I L :
0 20 40 60 80 100
Week
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Single Reliable Machine
Single Reliable Machine

e If the machine is perfectly reliable, and its average
operation time is 7, then its maximum production
rateis p = 1/7.

e Note:

* Sometimes cycle time is used instead of operation time,
but BEWARE: cycle time has (at least) two meanings!

* The other meaning is the time a part spends in a
system. If the system is a single, reliable machine, the
two meanings are the same.

Single-part-type, multiple stage systems 4 Copyright (©2018 Stanley B. Gershwin.
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Single Unreliable Machine
Single Unreliable Machine

Failures and Repairs

A machine is either up (operational) or down
(being repaired or maintained).

e MTTF = mean time to fail.

MTTR = mean time to repair

MTBF = MTTF + MTTR

Single-part-type, multiple stage systems 5 Copyright (©2018 Stanley B. Gershwin.
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Single Unreliable Machine
Single Unreliable Machine

Production rate

e |f the machine is unreliable, and

* its average operation time is T,
* its mean time to fail is MTTF,
* its mean time to repair is MTTR,

then its maximum production rate is
1 MTTF
7T \MTTF + MTTR

Single-part-type, multiple stage systems 6 Copyright (©2018 Stanley B. Gershwin.
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Single Unreliable Machine
Single Unreliable Machine

Proof

é—gn’/lachine uP z Machine DOWN

Average production rate, while machine is up, is 1/7.

Average duration of an up period is MTTF.

Average production during an up period is MTTF/7.

Average duration of up-down period: MTTF + MTTR.

Average production during up-down period: MTTF /7.
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Single Unreliable Machine

Single Unreliable Machine

Proof

z Machine UP z Machine DOWN

e Therefore, the average production rate is

MTTF/r 1 MTTF
MTTF + MTTR 7 \MTTF + MTTR
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SIACAVEINES  Single Unreliable Machine

Single Unreliable Machine
Efficiency

<—/Cllv/lachine up z Machine DOWN

% = e, the efficiency of the machine.

e ¢ is the fraction of time the machine is up.

e ¢ can be thought of as the production rate in units of parts
per operation time...

e ... or the actual production rate divided by what the
production rate would be if the machine never failed.

Single-part-type, multiple stage systems 9 Copyright (©2018 Stanley B. Gershwin.
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Single Unreliable Machine

Geometric Up- and Down-Times

e Assumptions: QOperation time is constant. Failure
and repair times are geometrically distributed.

e Let p be the probability that a machine fails during
any given operation. Then MTTF = 1/p.

Single-part-type, multiple stage systems 10 Copyright (©2018 Stanley B. Gershwin.
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Single Unreliable Machine

Geometric Up- and Down-Times

e Let r be the probability that M gets repaired
during any operation time when it is down. Then

MTTR = 1/r.

e Then the average production rate of M, in parts
per operation time, is

r
7“—|-p'

e =

Copyright (©2018 Stanlley B. Gershwin.
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Single Unreliable Machine

Production Rates

e The capacity of a machine is its maximum
possible production rate.

e The machine really has three capacities:

* 1 when it is up (short-term capacity) ,
* 0 when it is down (short-term capacity) ,

*x e =r/(r+ p) on the average (long-term capacity) .
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Multiple-Machine Lines

Failure Assumptions

e These assumptions are important for machines in systems, in which a
machine can be made idle by another machine’s failure.

e Operation-Dependent Failures (ODF)

* A machine can only fail while it is working — not idle.

* ldleness occurs due to starvation or blockage.

* This is the usual assumption.

e Time-Dependent Failures (TDF)

* A machine can fail even if it is idle.

Single-part-type, multiple stage systems 13 Copyright (©2018 Stanley B. Gershwin.
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Infinite-Buffer Lines

e Starvation: Machine M; is starved at time ¢ if
Buffer B; 1 is empty at time ¢.

Assumptions:

e A machine is not idle if it is not starved.

e The first machine is never starved.

Single-part-type, multiple stage systems 14 Copyright (©2018 Stanley B. Gershwin.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Bottleneck

(8 (e () ()T () ]~

e The production rate of the line is the production
rate of the slowest machine in the line — called
the bottleneck .

e Slowest means least average production rate.

Single-part-type, multiple stage systems 15 Copyright (©2018 Stanley B. Gershwin.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Bottleneck

[ m ) () () m~(a) e () ]~

e The production rate is therefore

b1 MTTF,
— L \MTTF, + MTTR,

e and M, is the bottleneck.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Bottleneck

[ m ) () () m~(a) e () ]~

e Or, ifall ;, =1,

P MTTF,
~ YA\ MTTF, T MTTR,

e and M, is the bottleneck.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Bottleneck

(o) () ()| =T -

e The system is not in steady state.

e An increasing amount of inventory accumulates in
the buffer upstream of the bottleneck.

e A finite amount of inventory appears downstream
of the bottleneck.

Single-part-type, multiple stage systems 18 Copyright (©2018 Stanley B. Gershwin.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Example 1

[ 8 w8 m () ()~ () w8 )~ (8~ e [( )| o |8
e Parameters:

T = .1,p,' = 01,’6 = 1, ...,9;7°10 = .1,p10 = .03.

e Therefore, e, = .909,2 =1, ...,9; e19 = .7609.
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Infinite-Buffer Lines

Example 1

(o)) ] () () () () () () - b
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Example 1

e Question: what is the the rate of growth of ng(t),
the inventory in Bg?

e Answer:

* The rate that parts arrive at buffer 9 is .909.
* The rate that parts leave is .769.

* Therefore the rate of increase is .909 — .769 = 0.14
parts per operation time.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Example 1

e Question: What happens when the buffers are
large but finite?

e Answer: The last buffer gains material until it
becomes full. Then the next to last buffer gains
material until it becomes full. The process repeats
until all buffers are full. See the graph on next
slide.
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Infinite-Buffer Line Bottleneck

Infinite-Buffer Lines
Example 1, but with finite buffers

(o)) ] () () () () () () - b

5000
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Second Bottleneck
Infinite-Buffer Lines
Second Bottleneck
=) =)~ o[ -( ) -8~ a8 ()~ [ (5| e -(8){ |-~ g

e The second bottleneck is the slowest machine upstream of
the bottleneck.

An increasing amount of inventory accumulates just upstream
of it.

A finite amount of inventory appears between the second
bottleneck and the machine upstream of the first bottleneck.

An increasing amount of inventory accumulates in the buffer
just upstream of the first bottleneck.

A finite amount of inventory appears downstream of the first
bottleneck.
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[INODSSINTA R  Second Bottleneck

Infinite-Buffer Lines
Example 2

(o) () ] () - [ () () ()| ()| - b

e Parameters: r;, = .1,p, = .01,:=1,...,4,6,...,9;
s = .1,]?5 = .02,’/’10 = .1,p10 = .03.

e Therefore, ¢, = .909,i =1, ...,4,6, ..., 9;
€ — 833, €10 — .769.
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[INODSSINTA R  Second Bottleneck

Infinite-Buffer Lines
Example 2
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[INODSSINTA R  Second Bottleneck

Infinite-Buffer Lines
Example 2

Rates of growth of n4(t) and ng(t)

e The rate of growth of ny(t) is .909 — .833 = .076
e The rate of growth of ngy(t) is .833 —.769 = .064
e Note that when ¢ is large enough, n4(t) > ng(t).

e It is tempting to believe that the easiest way to find the
bottleneck of a line is to look for the greatest accumulation
of inventory. Is that correct?
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Infinite-Buffer Lines
Improvements

Questions:

e If we want to increase production rate, which
machine should we improve?

e What would happen to production rate if we
improved any other machine?

28 Copyright (©2018 Stanlley B. Gershwin.
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Simulation Note

e The simulations shown here were discrete-time
rather than discrete-event.

e Discrete-time simulations are easier to program,
but less general, less accurate, and slower, than
discrete-event simulations.

e Discrete-time simulations are easiest to write for
systems where all event times are geometrically
distributed.
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Simulation Discrete-time simulation

Simulation Note
Discrete-time simulation

e Assume that some event occurs according to a geometric
probability distribution and it has a mean time to occur of T’
time steps.

e Then the probability that it occurs in any given time step is
p=1/T.
e The discrete-time simulation logic is:
* At each time step, choose z, a U[0,1] random number.

* If x < p, the event has occurred. Change the state
accordingly.

* If > p, the event has not occurred. Change the state
accordingly.
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Zero-Buffer Lines

Mg M M || -

If any one machine fails, or takes a very long time
to do an operation, all the other machines must

wait.

e Therefore the production rate is usually less —
possibly much less — than the slowest machine.

Copyright (©2018 Stanlley B. Gershwin.
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Zero-Buffer Lines

e Example: Constant, unequal operation times, perfectly
reliable machines.

* The operation time of the line is equal to the maximum
operation time of the of all the machines,

* ... so the production rate of the line is the inverse of
the maximum operation time.

e Line balancing: the assignment of tasks to machines in a
way that minimizes the maximum operation time.
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Zero-Buffer Lines Time-Dependent Failures

Zero-Buffer Lines

Constant, equal operation times, unreliable
machines

e Assumption: Time-Dependent Failures (TDF).

e The operation time is the time unit.

MTTF,

= MTTRMTTE, is the probability that M; is

operational in any time unit.
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Zero-Buffer Lines Time-Dependent Failures

Zero-Buffer Lines
Constant, equal operation times, unreliable

machines
Mot M| M| ]| w -

e A part is produced as often as all the machines are
operational.

e Since machines fail independently of the states of the other
machines, the probability that all machines are operational is
€1€9... = Hlez

e Therefore, the production rate of the line is

Erpr = 1l;e;

parts per operation time.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Constant, equal operation times, unreliable

machines
Mot M| M| ]| w -

e Assumption: Operation-Dependent Failures (ODF).

e The operation time is the time unit.

e Assumption: Failure and repair times are geometrically
distributed.

e p; = 1/MTTF,; = probability of failure during an operation.

e 7, = 1/MTTR; = probability of repair during an operation
time when the machine is down.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines

Production Rate

[ | | | |

Buzacott's Zero-Buffer Line Formula:

Let £ be the number of machines in the line. Then the

production rate per operation time is

EODF -

k
1+y =
=1

1

Single-part-type, multiple stage systems
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Production Rate

g = | || -

e This reduces to the earlier formula (Slides ?? and ??) when
k=1.

e According to the new formula, the isolated production rate
of a single machine M; is

1 T

T+2 i 4p

which is the same as the earlier formula when the operation
time 7 is 1.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Proof of formula

e Approximation: At most, only one machine can be down at
any time.

e Consider a long time interval of length 1" operation times
during which Machine M; fails m; times (i = 1,... k).

M. M M M. M M,
<W Some machine do$ :

e Without failures, the line would produce 7' parts.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Proof of formula

e The average repair time of M; is 1/r; each time it
fails, so the total system down time is close to

where D is the number of operation times in which
a machine is down.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Proof of formula

e The total up time is approximately

e where U is the number of operation times in which
all machines are up.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Proof of formula

e Since the system produces one part per time unit
while it is working, it produces U parts during the
interval of length T'.

e Note that, approximately,

= piU
because M; can only fail while it is operational.
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Proof of formula

e Thus,
U=T-U =
or,

= EODF =

k
Di
1+;r—l
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Zero-Buffer Lines Geometric Failures and Repairs

Zero-Buffer Lines
Di and T and p7/7"7

P = Fopr =

e Note that P is a function of the ratio p;/r; and not p; or r;
separately.

e The same statement is true for the infinite-buffer line.

e However, the same statement is not true for a line with
finite, non-zero buffers.

Copyright (©2018 Stanlley B. Gershwin.
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Zero-Buffer Lines
Improvements

Questions:

If we want to increase production rate, which
machine should we improve?

e What would happen to production rate if we
improved any other machine?
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Zero-Buffer Lines P as a function of p;

Zero-Buffer Lines
P as a function of p,

All machines are the same except M;. As p; increases,

the production rate decreases.

0.
0.45
0.4
0.35

0.25
0.2
0.15
0.1
0.0
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Zero-Buffer Lines P as a function of k

Zero-Buffer Lines
P as a function of &

All machines are the same. This compares E1pr and
FEope.

T T
ODF ——

2 4 6 8 10 12 14 16 18 20
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Zero-Buffer Lines P as a function of k

Zero-Buffer Lines
P as a function of &

This graph compares the production rates of an infinite-buffer line with that of
a zero-buffer line.

All machines are the same. As k increases, the production rate of the

zero-buffer line decreases. The production rate of the infinite-buffer line stays

the same. 1
....... Infinite buffer
production rate
7Capacity loss
0 10 20 30 40 50 60 70 80 90 100
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Finite-Buffer Lines

() () (5 (8 ()

e Motivation for buffers: increase production rate.
e Cost

* in-process inventory/lead time
* floor space

* material handling mechanism
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Finite-Buffer Lines

() ) () w8 )

e Infinite buffers: delayed downstream propagation of
disruptions (starvation) and no upstream propagation.

e Zero buffers: instantaneous propagation in both directions.
e Finite buffers: delayed propagation in both directions.

* New phenomenon: blockage.

e Blockage: Machine M; is blocked at time ¢ if Buffer B; is full
at time ¢.

Single-part-type, multiple stage systems 49 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Finite-Buffer Lines

() mef~(a ) (o) () (8 )
e Difficulty:

* No simple formula for calculating production rate,
inventory levels, or other performance measures.

e Solutions:

Simulation

%

>

Analytical approximation

Exact numerical solution for short lines

>

%

Exact analytical solution for two-machine lines only
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Two-Machine Lines

Two-Machine, Finite-Buffer Lines
Parameters

e p; is the probability of M; failing while doing an operation.

e 1 is the probability of M, getting repaired during an
operation time when it is down.

e 1, is the probability of M, failing while doing an operation.

e 75 is the probability of M, getting repaired during an
operation time when it is down.

N is the number of parts the buffer can hold.
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

Graphs of n(t), the number of parts in the buffer of a two-machine line, are
shown in the next four slides for four examples. The parameters of each
example are chosen so that the lines have different behaviors.

e Example 1: r; =.1,p; = .01, =.1,po = .01, N =10
Both machines are the same. The buffer is small.

e Example 2: ry = .1,p; = .01, = .1,p2 = .01, N = 100
Same as Example 1 except the buffer is large.

e Example 3: r; =.1,9=1,2,p; = .02,p; = .01, N =100
Same as Example 2 except the first machine fails more often.

e Example 4: r; =.1,9=1,2,p; = .01,p; = .02, N = 100
Same as Example 2 except the second machine fails more often.
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

A F

n(t)

Zf.ﬂw

0 200 400 600 800 1000
t

Example 1: i =.1,p; = .01,r, = .1,p, = .01, N =10
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Two-Machine, Finite-Buffer Lines

Simulations

100 T T w

80 |

60 |

n(t)
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—

Example 2: r; = .1,p; = .01, = .1,po = .01, N = 100
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

100

80 |

n(t)

0 2000 4000 6000 8000 10000
t

Example 3: r, =.1,i =1,2,p; = .02,p, = .01, N = 100
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

f”‘“‘”m

80 |

60 |

n(t)
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t

Example 4: r, = .1,i =1,2,p; = .01,p, = .02, N = 100
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

If we increase the buffer size of Example 4 from 100 to 200, what
will happen to the production rate?

a. It will double it.

b. It will increase it substantially, but less than double.
c. It will increase it but only by a trivial amount.

d. It will have exactly zero effect.

e. None of the above.
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

If we increase the buffer size of Example 4 from 100 to 200, what
will happen to the average inventory?

a. It will increase by something very close to 100.

b. It will double it.

c. It will increase it substantially, but less than double.
d. It will increase it but only by a trivial amount.

e. It will have exactly zero effect.

f. None of the above.
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Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

Insert animated simulation here!!

Single-part-type, multiple stage systems 59 Copyright (©2018 Stanley B. Gershwin.
All rights reserved.



Two-Machine Lines [ISIINIEHITERIAITES

Two-Machine, Finite-Buffer Lines
Simulations

200
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Two-Machine, Finite-Buffer Lines
Simulations
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Simulations
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Two-Machine, Finite-Buffer Lines
Deterministic processing time model

e T here are several models in the literature.

e We focus on the Deterministic processing time, or
Buzacott model:

>

deterministic processing time;

>

geometric failure and repair times;

>

operation-dependent failures;

>

discrete state, discrete time.
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Two-Machine, Finite-Buffer Lines
Markov Process Model

e Discrete time-discrete state Markov process:
prob{ X (1 + 1) = a(t + DX (1) = (1),
Morentx o Lo xSy
o If we write i = 2(t + 1), j = a(t), then
prob{X (1 + 1) = ilX (1) = J} = P,

is the transition matrix of the Markov process.
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Two-Machine, Finite-Buffer Lines
State Space

e An analytical solution is available for a Markov process model
of a two-machine line.

e Here, X(t) = (n(t), ai(t), as(t)), where
* n is the number of parts in the buffer; n =0,1,..., N.
* «; is the repair state of M;; i =1, 2.
> «a; = 1 means the machine is up or operational;

» «; = 0 means the machine is down or under repair.
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Two-Machine, Finite-Buffer Lines
State Space

Examples of transition probabilities P;;:

o Ifj=u(t)=(3,0,1)and i =x(t +1) = (7,1,1) then
P =prob{X(t+1) =zt +1)|X(t) ==z} =0
* because the buffer level cannot change by more than 1 part in 1 time unit.
o If j=a(t)=(3,0,1) and i =x(t+1) = (2,0,1) then
Pij = prob{X(t +1) = 2(t + )| X(t) = z(t)} = (1 = r1)(1 = p2)

* because the probability that the first machine does not get repaired is 1 — rq1,
the probability that the second machine does not fail is 1 — pa, and the
buffer level goes down by 1.

o Ifj=a(t)=(3,0,1)andi=xz(t+1)=(3,0,1) then
Pij =prob{X(t +1) =a(t+1)|X(t) = ()} =0

* because the buffer level must go down by 1.
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Two-Machine, Finite-Buffer Lines
State Space

State Transition Graph for Deterministic Processing Time, Two-Machine Line
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Two-Machine, Finite-Buffer Lines
Calculation of performance measures

e 7(n,a1,as) is the steady-state probability that there are n parts in the
buffer and the machine states are a; and as.

e To obtain 7(n, ai,as) for all (n,a1,as), let i = (n,a1,a2) and
j=(n,al,al).

e Then
=2 bym; or w=Pr
and
Sym=1 or vir=1

e This is exactly what we discussed in the Markov Process videos,
although the specific notation for this system is a little more
complicated here.
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Two-Machine, Finite-Buffer Lines
Calculation of performance measures

e To calculate the production rate in parts per operation time, add up the
probabilities of the indicated states:

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 np=13
-1

(o.0)
00

0,1)

S e
o AN ORI ey
0 ® @ 6 6 6 606 60 60 0 0 O

-States in which parts exit the system

e To calculate the average inventory, evaluate
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Two-Machine, Finite-Buffer Lines
Production rate vs. Buffer Size
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Two-Machine, Finite-Buffer Lines
Average Inventory vs. Buffer Size
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Two-Machine, Finite-Buffer Lines

Line Design

L L
60 T80

Problem: Select M; and N so that P = .88.

3|

,
W W 0 ] 0 20

i [MTTR[[N [ @ |
.14 7.14 13| 7.08
Solutions: 12 8.33 19 | 10.12
.10 | 10.00 || 32 | 16.00
.08 | 12.50 82 | 32.21
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Improvements

Questions:

e If we want to increase production rate, which
machine should we improve?

e What would happen to production rate if we
improved any other machine?
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Improvements to
non-bottleneck
machine.

Single-part-type, multiple stage systems

] Machine 1 improved
Zldentical machines
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N
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P 0.8
Machine 1 more improved
Improvements to N Machine 1 improved
non-bottleneck Zldentical machines
machine.
N
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Two-Machine, Finite-Buffer Lines
Failure frequency

Is it better to have short, frequent, disruptions or long,
infrequent, disruptions?

e 75 =0.1, po =0.009, N = 30

e 1y and p; vary together such
that

e 0865

oss - ey = "L — MTTEF -9
Pl L= 5ipr — MTTFFMTTR
;o e = «~ ® Answer: evidently, short,
frequent failures.
o Why?
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Two-Machine, Finite-Buffer Lines Conclusion

Introduction to Manufacturing Systems
Part 1

| hope that you enjoyed this course and and that will find it
useful.

e Part 2 continues the exploration of the issues that we have
studied in Part 1: causes and consequences of variability in
factories, and what to do about them.

e | hope you will come back for Part 2 and for the rest of the
Principles of Manufacturing program.

o Please feel free to offer comments, criticisms, and
suggestions for improvements.
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