Brownian motion 1: basic theories

Basic knowledge of stochastic process
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Stochastic process

A deterministic process:
X(t)= Func(t)
X A

X(t)= Func(t)
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Stochastic process

A stochastic process:
Y(t)# Func(t) — Prob(y,,t,; y,t)

Prob(y,,t,; y,t)
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Stochastic process

A stochastic process:
Y(t)# Func(t) — Prob(y,,t,; y,t)

Prob(y,,t,+ 7, y,t+7)
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t+T
A steady stochastic process:
Prob(y,,t,+T,y,t+7)= Prob(y,,t,;y,t)
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Stochastic process

Consider a steady stochastic process Y(f) with its mean

<Y (t)> =0 and define Fourier transformation

Y (0)= ji dte™Y (1) (1)
and inverse Fourier transformation
1 ¢ .
V(=2 | doe™7, (o) (2)

using
v.(0)=Y() ({<7/2)

(3)
v.(0=0 ({>7/2)
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Stochastic process

Spectral density / Power spectrum

5, (@)= lim—|7 (o) (4)
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Stochastic process

A
A —

Y(t)= Acos(wt) (5) S (w)=A46(0-w,) (6)
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Stochastic process

Case 2: White noise

Y(¢) = AE(¢) ‘ (7) S(w)y=4> (8
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Stochastic process

Auto-correlation function

o, (t )_hm1 dTY( Y, (T+t)E<Y(T)Y(T+t)>T (9)
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Stochastic process

Auto-correlation function

o, (t )_hm1 drY, ()Y, (z+1)=(Y(D)Y(T+1)) (9)

D, A
0,(0)=(7)
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Stochastic process

Case 1: Single cosine wave

”\ /\ ' A /\ /\ / x'"f\""ﬁ""ﬁ“‘h"‘h"‘f:m
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A
Y(t)= Acos(w,t) (10) Q,(1)= 7cos(a)1t) (11)
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Stochastic process

Case 2: White noise

> 1

Y(¢) = AE(¢) ‘(12) o (w)=46() (13)
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Stochastic process

From Eq.(9),

0,(0)=tim 3 [ a|1(¢) 5 [ dwe 7, @
: | o0 ) it °° —ioT
=limo 7 ]_do| @) de|e YT(T)H
D B R
=lim—— | do| ™7, (@), ()]
1 ¢ —i® i - 15 ) I pe —iw
= [ dwe t}lglo?)’T(a))‘z_:EJ'_mda)e S, (@) (14)
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Stochastic process

And also,
S, (@)= dte”p, (1) (15)

Wiener-Khintchine theorem:

inverse Foulier Eq.(14)
¢Y(t) 3 Foulier Eq.(15) SY(a))

Sum rules:
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Stochastic process

Supplemental note for the derivation of Eq. (11)

A %
q)Y( )—;Lnolo— ga’l‘cos(a)ll')cos((ol(’c+t))
A ).
=lim— |’ dtsin co’c'+£ sin a)(T+t)+£
T—e T J-1 2 : 2

A L ( A T T .
= lim— dem ®T+— | sinf @T+— cos(a)lt)+cos T+ sm(a)lt)
T—o0 T _2 \ 2) 2 2

B 11&2_,“ d{sm [a) T+ chos(a)lt)+sin(wlf + %jcos(a)lr + %)Sin(a)lt)}
—COS(wt)}lilgo—J dsin’® (wr+2j+sm(a)t);1_r£—j dem(a)T+7;)cos(a)1T+§)

2

- A?cos(wlr)m .. Eq(11)
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