. ° .
e.c.0%0
~.o:o:ofo’
. [ ] [ ]

L] (]

ITMO UNIVERSITY

How to Win Coding Competitions: Secrets of Champions

Week 4: Algorithms on Graphs
Lecture 2: Graphs: Representations in memory

Maxim Buzdalov
Saint Petersburg 2016



ITMO UNIVERSITY Representations in memory

Two main ways to store a graph in computer memory are:
» Adjacency matrix

» Adjacency list

2/10



 ITMO UNIVERSITY

Representations in memory

Two main ways to store a graph in computer memory are:

» Adjacency matrix
» Adjacency list
These ways are different in the following aspects:
» Space complexity (expressed in |V/|, |E|)
» Running time of various operations
» Vertex insertion
Edge insertion, edge deletion

Edge existence test
Iteration over edges adjacent to a vertex

v vy
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ITMO UNIVERSITY Adjacency matrix

The graph G = (V/, E) without multiedges with weight function F is represented as
the matrix A of size |V/| x | V| in the following manner. For each ordered pair of
vertices u and v with (u, v) € E, the matrix stores A[u][v] = F((u, v)).

All other cells of A are filled by a neutral value (typically zero).
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Example: Check if there exists a cycle of length 3 in the given undirected graph
A simple straightforward algorithm:

function TRIANGLEEXISTENCE(A)
n < Rows(A)
for u from 1 to n do
for v from v+ 1 to ndo
if A[u][v] =1 then continue end if
for w from v +1 to ndo
if Alu][w] =1 and A[v][w] =1 then return TRUE end if
end for
end for
end for
end function
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Example: Check if there exists a cycle of length 3 in the given undirected graph
A simple straightforward algorithm:

function TRIANGLEEXISTENCE(A)
n < Rows(A)

for u from 1 to n do > Checking all u
for v from u+1 to n do > Checking all v
if A[u][v] =1 then continue end if
for w from v+ 1 to n do > Checking all w
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Running time: O(|V/|3). Can we make it faster?
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TMO UNIVERSITY Bitmask-optimized algorithm for triangle detection

A (slightly simplified) bitmask-optimized version which works 32 times faster!

function TRIANGLEEXISTENCE(A)
n < Rows(A)
C < BITMASKCOMPRESS(A)
for u from 1 to n do
for v from v+ 1 to ndo
if A[u][v] =1 then continue end if
for w from (v +1)/32 to (n+31)/32 do
if (C[u][w] bitwise and C[v]|[w]) # O then return TRUE end if
end for
end for
end for
end function
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Given a graph G, find the number of paths of length k.
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Example problem 2: Number of paths of length k

Given a graph G, find the number of paths of length k.

» Hint 1: Adjacency matrix = paths of length 1

k=1

A B C D E F G H
A 0 1 0 1 0 1 0 0
B 0 0 0 1 0 1 0 0
C 0 0 0 0 1 0 1 0
D 0 0 1 0 0 0 0 0
E 0 0 0 0 0 0 1 0
F 0 0 0 1 0 0 0 0
G 0 0 0 0 0 0 0 0
H 0 0 0 1 0 0 0 0

» Hint 2: What is 2-path between A and D?
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Given a graph G, find the number of paths of length k.
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ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store outgoing edges.

w

im

(@
I| o mfO| || >

Llrfrfrfrfr)prfr|>»
Llrfrfrfr]r]r|ofm
Flrfrprfoepr]r]rio
Nl Lo ]|~ O
lprfrfrfrjor]rfm
FLrfrprfr]r~sfm

Lol rjo] ||
Llepeprefrprfrfrx

8/10



ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store outgoing edges.

Al B|C|DJ|E]|F|G|H
Al -5 -] 1 -12]-=-1-
Dl - -3 - -1<=-1-1-<

o  EEEEEEESE
Fl - -] -16]-1-1-1-
G = | = = [ = = =T =1<
Hl - = =12 -1=-1-1-<
A (B;5) (D; 1) (Fi2) ]

B [ (D;2) | (F;7)
C | (E5 | (G;8)
D [ (G3)
E | (G9)
F [ (D;6)
G

H [ (D72 ]
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For every vertex, store incoming and outgoing edges.

A B C D E F G H
Al -5 -1 -]2]-]-
® @ SRS AESRESSSILAS
bl - -13 -1 -1-]-1-
oo e
Fl-[-l-T6-1-1-1-
G - - - - - - - -
Al - -] -1 2]-1-]-1-
> Space requirements: ©(|V| + |E|) A ggggg ((g;)) F2) | e A
C [ (E5) [ (G:8) [(D:3) [ C
D (C;3) (H;2) (Fi6) [ (B2) | (A1) D
E (G 9) [ (C5) E
F [ (D:6) (BT [ (B4 | T
G [(E9) [ (G3) G
H [ (0:2) ] H
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ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

A B C D E F G H
A - 5 - 1 - 2 - _
® & S s e NN
bl - -13 -1 -1-]-1-
O, © e R
Fl-[-l-T6-1-1-1-
G - - - - - - - =
Al - -] -1 2]-1-]-1-
> Space requirements: ©(|V| + |E|) A ggggg ((g;)) F2) | e A
> Edge addition: ©(1) (amortized) < Eggg Ef{g; T I[ Ei‘);;ls)) c
E (G 9) [ (C5) E
F | (D:6) [(B | (A4 [ F
G [ (E;9) { (C;8) G
H [ (0:2) ] H
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ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

A[B|JC|[DJEJF[G]H

Al =5 | =1 =]2] <1<

2 5 G. B - - -2 -17]-1]-

: A e e

bl - -3 -1-1-1-1-

& o  EEEEEErns

Fl - -1 -16 1 -[-1-1-

G - - - - - - - =

A= -1 -2 -1-1-1-
> Space requirements: ©(|V/|+ |E|) AT T Oy T ] —r
» Edge addition: ©(1) (amortized) 5 5523 Ef,i? 76 [ (B2 1‘ Ei\);;f)) 5
> Vertex addition: ©(1) (amortized) = Eggg &7 11 Eii’)) -
G : [E9 [(C8 [ G
IRECEHN ]
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ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

A B C D E F G H

A - 5 - 1 - 2 - _

® @) T

D - | -3 ] --1=-]-1-<

o R = e e

Fl - -] -16]-1-1-1-

G - - - - - - - =

H = = -2 --]-]-
> Space requirements: O(|V/|+ |E|) A ggigg Eg;)) 2] — R
> Edge addition: ©(1) (amortized) < Eggg Ef{g; T I[ Ei‘);;ls)) c
> Vertex addition: ©(1) (amortized) i ) 11 S
» Edge lookup/removal: O(deg(v)) RGN [ED @8 | e
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ITMO UNIVERSITY Adjacency list

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

A B C D E F G H

A - 5 - 1 - 2 - _

® @) T

D - | -3 ] --1=-]-1-<

o R = e e

Fl - -] -16]-1-1-1-

G - - - - - - - =

H = = -2 --]-]-
> Space requirements: O(|V/|+ |E|) A ggigg Eg;)) 2] — R
> Edge addition: ©(1) (amortized) < Eggg Ef{g; T I[ Ei‘);;ls)) c
> Vertex addition: ©(1) (amortized) i ) 11 S
» Edge lookup/removal: O(deg(v)) RGN [ED @8 | e

» O(log(deg(v))) if balanced search
trees are used
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* ITMO UNIVERSITY

Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))
Vertex | A [B | C|D|E|F |G| H

Next | — | = | - | = |- | -] - |-
Index | 1| 2|3 |4 |56 |7 |8]9] 10|11
Vertex | — | - | - | - |- | —-|—-|—-|—-] - -
Value | - | - | - | - |- |-|-|-|-]- -
Next | - | - |- |-|-|-|-|-]-|~- -
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* ITMO UNIVERSITY

Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

Space requirements: O(|V| + |E])
Edge addition: ©(1) (amortized)

Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))
Vertex | A [B | C|D|E|F |G| H

vV v vy

Next | — | = | - | = |- | -] - |-
Index | 1| 2|3 |4 |56 |7 |8]9] 10|11
Vertex | — | - | - | - |- | —-|—-|—-|—-] - -
Value | - | - | - | - |- |-|-|-|-]- -
Next | - | - |- |-|-|-|-|-]-|~- -

9/10



* ITMO UNIVERSITY

Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)
> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))
CID|JEJF|G][H

Index | 1 |2 (3|4 |5|6|7|8]|9]| 10|11
Vertex | D | - | = |- | —-|—-|—-|—-|—-] - -
Value | 1 |- |- | -|-|-|-|-|-]- -
Next | = | - |- | -|-|-|-|-|-]- -
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* ITMO UNIVERSITY

Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.

The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: ©(|V| + |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
>

Edge lookup/removal: O(deg(v))
Vertex | A| B|C|D|E|F|G]|H

Next | 1 | — | = | — — | =
Index | 1 213 |4|5|6|7|8]9]10)|11
Vertex | D | - |- | -|-|-|-1]-1- — _
Value | 1 | - | = -=-| =] -=-|-1-1]- — —
Next | — | = -|-]-]-|-1]-1- — —

9/10



' ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

v

Vertex | A| B| C|D|E|F|G]|H

Next | 1 | = =] =] -=-1]-1 - 2

Index | 1 2 3|4 |5|6|7]8]|9]10]11

Vertex | D | D | — — =1 =717=1-= — —
Value | 1 2 |l -1 -=1-=-1-=-1-=-1-1-= — _
Next | — - =T=1T=1=1T=71T=1-= — —
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' ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

v

Vertex | A| B| C|D|E|F|G]|H

Next | 1 | = =] =] -=-1]-1 - 2

Index | 1 2 3|4 |5|6|7]8]|9]10]11

Vertex | D | D | — — =1 =717=1-= — —
Value | 1 2 |l -1 -=1-=-1-=-1-=-1-1-= — _
Next | — - =T=1T=1=1T=71T=1-= — —
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

v

Vertex | A| B| C|D|E|F|G]|H

Next 1 - | - 3 - | =1 = 2

Index | 1 2 314 |5|6|7]8|9]| 10|11

Vertex | D D|C|-|-|-|-|-1|- — —
Value 1 2 3 =-1=1=1T=71=1-= - _
Next | — - - =1 =1T=1=71=1-= _ _
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

v

Vertex | A| B| C|D|E|F|G]|H

Next 1 - | - 3 - | =1 = 2

Index | 1 2 314 |5|6|7]8|9]| 10|11

Vertex | D D|C|-|-|-|-|-1|- — —
Value 1 2 3 =-1=1=1T=71=1-= - _
Next | — - - =1 =1T=1=71=1-= _ _
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

-1 3| -1-1- 2
Index | 1 2 314|5|6|7|8|9]10]|11
Vertex | D D | C Fl| -] -1-=-1-=-1-= — _
Value | 1 2 34 =-]=]1=71=1-= - —
Next | — - - 1 =1 =1=1=171-= _ —
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

Space requirements: O(|V| + |E])
Edge addition: ©(1) (amortized)

Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

vV v vy

C|D|E|F|G]|H

-1 3| -1-1- 2
Index | 1 2 314|5|6|7|8|9]10]|11
Vertex | D D | C Fl| -] -1-=-1-=-1-= — _
Value | 1 2 34 =-]=]1=71=1-= - —
Next | — - - 1 =1 =1=1=171-= _ —
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

Space requirements: O(|V| + |E])
Edge addition: ©(1) (amortized)

Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

vV v vy

C|D|E|F|G]|H

-1 3| -1-1- 2
Index 1 2 3 4 5 6 819 |10 | 11
Vertex D D C F D — — _
Value 1 2 3| 4 2 [ =1 -=1-1- - _
Next | — - - 1 — =T =1=1= _ —

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

Space requirements: O(| V| + |E|)
Edge addition: ©(1) (amortized)
Vertex addition: ©(1) (amortized)

>
>
>
» Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

-1 3| -1-1- 2
Index 1 2 3 4 5 6 819 |10 | 11
Vertex D D C F D — — _
Value 1 2 3| 4 2 [ =1 -=1-1- - _
Next | — - - 1 — =T =1=1= _ —

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

-1 3| -1-1- 2
Index 1 2 3 4 5 6 89|10 | 11
Vertex | D D | C F|D|B/| - - -
Value 1 2 3 4 2 5|1 -|—-1|- - -
Next | — - -1 1] -14|-1]-1- - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

-1 3| -1-1- 2
Index 1 2 3 4 5 6 89|10 | 11
Vertex | D D | C F|D|B/| - - -
Value 1 2 3 4 2 5|1 -|—-1|- - -
Next | — - -1 1] -14|-1]-1- - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

7 3| -1 -1- 2
Index | 1 2 31415 6 7181|910 |11
Vertex | D D | C F | D B E - -
Value 1 2 3 4 2 5 I - -
Next | — - | -1 | =-14]|-1]-1- - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

7 3| -1 -1- 2
Index | 1 2 31415 6 7181|910 |11
Vertex | D D | C F | D B E - -
Value 1 2 3 4 2 5 I - -
Next | — - | -1 | =-14]|-1]-1- - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

C|D|E|F|G]|H

7 3| -8 - 2
Index | 1 2 31415 6 | 7 8 | 9] 10 | 11
Vertex | D D|C|F|D B E|D - -
Value 1 2 3141 2 5 5 6 | — - -
Next | — - =-]1| =14 |-|-1- - -
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
Edge lookup/removal: O(deg(v))

v

v

C|D|E|F|G]|H

7 3| -8 - 2
Index | 1 2 31415 6 | 7 8 | 9] 10 | 11
Vertex | D D|C|F|D B E|D - -
Value 1 2 3141 2 5 5 6 | — - -
Next | — - =-]1| =14 |-|-1- - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

7 3| -8 - 2
Index | 1 2 3| 4 5 6 | 7 8 9 |10 | 11
Vertex | D D | C F D B| E| D F - -
Value 1 2 3| 4 2 5 5 6 7 - -
Next | — - /-1 -14|-1]-165 - -
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C|D|E|F|G]|H

7 3| -8 - 2
Index | 1 2 3| 4 5 6 | 7 8 9 |10 | 11
Vertex | D D | C F D B| E| D F - -
Value 1 2 3| 4 2 5 5 6 7 - -
Next | — - /-1 -14|-1]-165 - -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D|E|F|G|H

103 |-]8|-]2
ndex | 1 | 2 [ 3] 45678 ]09]10]11
Vertex |D |[D | C | F|D|B|E|D|F| G| -
Value | 1 | 2 |3 | 4| 25|56 7] 8| -
Next | - | - |- | 1| - |4]|-|-]5]7]-
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D|E|F|G|H

103 |-]8|-]2
ndex | 1 | 2 [ 3] 45678 ]09]10]11
Vertex |D |[D | C | F|D|B|E|D|F| G| -
Value | 1 | 2 |3 | 4| 25|56 7] 8| -
Next | - | - |- | 1| - |4]|-|-]5]7]-
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D E F| G| H

103|118 -2
ndex | 1 | 2 [ 3] 45678 ]09]10]11
Vertex |D |D | C | F|D|B|E|D|F| G| G
Value | 1 | 2 |3 | 4|2 |5 |5]|6 |7 809
Next | - | - |- | 1| - |4]|-|-]5]7]-
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

Vertex | A | B C D E F|G|H

Next | 6 | O | 10 | 3 |11 |8 | — | 2
ndex | 1 | 2 [ 3] 45678 ]09]10]11
Vertex |D |D | C | F|D|B|E|D|F| G| G
Value | 1 | 2 |3 | 4|2 |5 |5]|6 |7 809
Next | - | - |- | 1| - |4]|-|-]5]7]-
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

Vertex | A | B | C D E F| G| H

Next | 6 | 0 | 10 | 3 |11 |8 | — | 2
ndex | 1 | 2 [ 3] 45678 ]09]10]11
Vertex |D |D | C | F|D|B|E|D|F| G| G
Value | 1 | 2 |3 | 4|2 |5 |5]|6 |7 809
Next | - | - |- | 1| - |4]|-|-]5]7]-

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

Vertex | A | B | C D E F| G| H

Next | 6 | 9 | 10 | 3 |11 | 8 | — | 2
Index | 1 2 3 /4|5 |6 |7 |8 |]9]|10]11
Vertex | D | D|C|F|D|B|E|D|F| G G
Value | 1 2 31425 |5 |67 8 9
Next | — | - | - | 1| -] 4|—-|-1]5 7 -
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D E F| G| H

10 (3 |11 |8 | -1 2
Index | 1 2 3 /4|5 |6 |7 |8 |]9]|10]11
Vertex | D | D|C|F|D|B|E|D|F| G G
Value | 1 2 31425 |5 |67 8 9
Next | — | - | - | 1| -] 4|—-|-1]5 7 -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D E F| G| H

10 (3 |11 |8 | -1 2
Index | 1 2 3 /4|5 |6 |7 |8 |]9]|10]11
Vertex | D | D|C|F|D|B|E|D|F| G G
Value | 1 2 31425 |5 |67 8 9
Next | — | - | - | 1| -] 4 |—-|-1]5 7 -
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ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation

A compact storage for sparse graphs.
For every vertex, store incoming and outgoing edges.
The old contestant’s way: O(1) dynamic data structures (outgoing only edges shown)

> Space requirements: O(|V/|+ |E|)
> Edge addition: ©(1) (amortized)

> Vertex addition: ©(1) (amortized)
> Edge lookup/removal: O(deg(v))

C D E F| G| H

10 (3 |11 |8 | -1 2
Index | 1 2 31456 |7 |8]9]|10]11
Vertex | D | D|C|F|D|B|E|D|F| G G
Value | 1 2 31425 |5 |67 8 9
Next | — | - | - | 1| -] 4 |—-|-1]5 7 -

9/10



ITMO UNIVERSITY Adjacency list: Alternative “old school” implementation
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33" ITMO UNIVERSITY Short summary

» Adjacency matrix:
» Space complexity: O(|V]?)
Perfect edge access and modification time: ©(1)
Good for storing dense graphs (say |V/| ~ 5000, |E| ~ 10000 000)
Good for working with transitive relations
Good for bitmask optimizations
Bad at iterating over vertex's adjacent edges: O(|V|)
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